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Abstract

We examine version 2 of arXiv:2609.28999, which reconstructs conservative nonlinear or-
dinary differential equations from means of transported probability densities. The printed
geometric-distortion definition retains the initial separation between neighboring states while
its Taylor expansion omits that separation. For the stated directional transport maps, the re-
sulting normalized quantity is at least one, so it cannot satisfy the proposed small-distortion
criterion as written. We give a corrected displacement definition and a local derivative esti-
mate, without asserting a universal replacement stability threshold. Applying the standard
circular-mean description to the source’s phase-reference circuit shows that finite variance
can reduce contrast without shifting the maximizing reference. An explicit pair of positive
grid distributions has identical fringes but different arithmetic means, including in a con-
servative transported-density realization. Further corrections distinguish Bernoulli-ancilla
sampling from direct coordinate sampling, reconcile the Lotka–Volterra benchmark parame-
ter with the source definitions, and exhibit a twice continuously differentiable observable for
which a stated fourth-order Gaussian remainder fails. All numerical examples are determin-
istic classical computations with analytic checks and a recorded execution log. These results
repair specific geometric, inference, and regularity statements; they do not refute Koopman
embeddings, the genuine nonlinear mean-trajectory discrepancy, or all covariance-based error
estimates.

1 Introduction and scope

Linear evolution in an enlarged representation can describe nonlinear classical dynamics. A dis-
tinct question is how accurately a finite-width distribution encodes a trajectory with one specified
initial condition. Fredon, Ram, Debbasch, Zylberman, and Loureiro [1] study this question us-
ing dual Koopman–von Neumann embeddings, transport, and quantum readout. Their analysis
correctly identifies the distinction between E[F (X)] and F (E[X]) for nonlinear F .
The present note concerns statements that can be checked independently of a large-scale quan-
tum implementation. Its main contributions are: (i) an exact initial-separation obstruction
to the geometric criterion printed in source Eqs. (30)–(31); (ii) an explicit nonidentifiability
construction for the proposed reference-phase readout and a correction to its contrast-to-phase
substitution; and (iii) reproducible corrections to sampling prefactors, a benchmark calibration,
and regularity assumptions. Each correction is local to the statement identified. Standard in-
gredients such as Taylor’s theorem, characteristic functions, and quantum amplitude estimation
are credited rather than presented as new general theory.
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byte-for-byte with the versioned public PDF: 959,353 bytes, SHA-256:
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revision. Appendix A records the targeted source passages.

2 Related work and the valid reconstruction problem

The Koopman representation and its use in quantum simulation have an extensive history;
Joseph [2] develops a KvN route for nonlinear classical dynamics. The transport implementation
invoked by the source is the related Trotter-based algorithm of Zylberman et al. [3]. We do not
re-audit that algorithm’s complete spatial, time-step, or gate complexity.
For a normalized transported density ρ, write m = E[X] and ẋ∗ = F (x∗). Under the boundary
conditions needed for integration by parts, the exact first-moment identity is

ṁ = E[F (X)] , ṁ − F (m) = E[F (X)] − F (m). (1)

The last term can be nonzero with perfect transport and perfect estimation of the actual mean.
This cloud-to-trajectory discrepancy is separate from any readout error. The source’s Lipschitz
estimate, its Eq. (15), is consistent with this identity. Its approximately Gaussian, second-order
closure and constant covariance-norm approximation are explicitly disclosed assumptions, not
newly discovered omissions. We do not treat phase-volume conservation as covariance conserva-
tion.
Amplitude estimation estimates a probability encoded by a specified circuit. The established
coherent-query bounds of Brassard et al. [4] and Aaronson and Rall [5], and observable-
estimation methods of Rall [6, 7] and Montanaro [8], distinguish query accuracy from the
cost of preparing and inverting the required operations. Our counterexamples to a particular
phase-inference argument do not contradict these algorithms or their accuracy guarantees. They
identify which quantity the source circuit actually encodes and which assumptions are needed
to infer a different quantity from it.

3 Initial separation and the geometric criterion

Let Φh denote a flow map for h ≥ 0, and let Bd = {ξ ∈ Rd : ‖ξ‖2 ≤ 1}. Write σ for the effective
width σF in the source’s geometric definition. Work in a coordinate chart in which B(x, σ) and
the short trajectories considered below remain inside the domain, so coordinate wrapping is
absent. The maximal relative drift in source Eq. (30), p. 5, is

Draw
i (h; x, σ) := max

ξ∈Bd
|Φh(x + σξ)i − Φh(x)i| . (2)

It is a separation of final positions. Source Eq. (30) then identifies it with h maxξ∈Bd |Fi(x +
σξ) − Fi(x)| + O(h2). That identification drops the separation already present at time zero.
Indeed, a uniform short-time flow expansion gives

Φh(x + σξ)i − Φh(x)i = σξi + h
(
Fi(x + σξ) − Fi(x)

)
+ O(h2). (3)

For fixed σ > 0, the first term cannot be included in an O(h2) remainder. In particular,
Draw

i (0; x, σ) = σ.
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Proposition 3.1 (Obstruction for the stated directional maps). Suppose ∂iFi = 0 on the rele-
vant neighborhood. The directional flow used in a Trotter substep is exactly

Φ(i)
h (x) = x + hFi(x)ei. (4)

If Draw
i is evaluated using this map, then Draw

i ≥ σ. Consequently, if each component in source
Eq. (31) is evaluated using its corresponding directional substep,(∑d

i=1(Draw
i )2)1/2

√
d σ

≥ 1. (5)

Proof. Choose ξ = ei in (2). The coefficient does not change under this perturbation because it
is independent of coordinate i. Hence Φ(i)

h (x+σei)i −Φ(i)
h (x)i = σ. Taking the maximum proves

the componentwise bound and summing proves (5). Centers at different intermediate substeps
do not change the argument, provided their neighborhoods remain in the chart.

Thus the approximately 0.1 condition printed in source Eq. (31) cannot hold under the
directional-map interpretation given in its geometric discussion. If the intended map were
instead the complete flow, the time-zero contradiction in (3) would still remain: the normalized
raw separation tends to 1, rather than 0, as h → 0. The following nonlinear example also gives
an all-h obstruction for the complete-flow interpretation, rather than only a time-zero objection.
This obstruction occurs for a genuinely nonlinear conservative field. Set

F (q, p) = (sin(2πp), 0), H(q, p) = −cos(2πp)
2π

. (6)

Then q̇ = ∂pH, ṗ = −∂qH, and Φh(q, p) = (q + h sin(2πp), p). Both own-coordinate derivatives
vanish. Here the complete flow equals the sole nonidentity directional factor exactly; the other
factor is the identity. Thus (5) applies to both interpretations for every admissible h. A packet
with means (1/2, 1/2) and a p marginal symmetric about 1/2 has E[sin(2πP )] = 0. Its mean
therefore remains at the fixed-point trajectory (1/2, 1/2), exactly, on any interval without coor-
dinate wrapping. A smooth compactly supported symmetric packet can ensure this condition.
The printed geometric condition nevertheless fails. This example concerns the geometric con-
dition; its covariance need not remain constant, and no constant-covariance error theorem is
invoked.

3.1 A corrected displacement quantity

An explicit repair is to compare the increments, subtracting the initial separation inside the
absolute value:

Dinc
i (h; x, σ) := max

ξ∈Bd
|[Φh(x + σξ) − (x + σξ)]i − [Φh(x) − x]i| . (7)

For the exact directional map (4),

Dinc
i = h max

ξ∈Bd
|Fi(x + σξ) − Fi(x)|. (8)

This equality has no time-discretization remainder. It uses the own-coordinate condition and is
specific to a directional substep.

Proposition 3.2 (Local increment bound). Assume Fi ∈ C2 on B(x, σ) and use the directional
map (4). Then

Dinc
i

σ
≤ h ‖∇Fi(x)‖2 + hσ

2
sup

y∈B(x,σ)

∥∥∥D2Fi(y)
∥∥∥

op
. (9)
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If Fi ∈ C3 and its third derivative has operator norm at most M3 on the ball, the supremum-
Hessian term may instead be replaced by

hσ

2

∥∥∥D2Fi(x)
∥∥∥

op
+ hσ2M3

6
. (10)

Proof. Apply the one-dimensional Taylor formula along the segment s 7→ x + sσξ. The linear
term has absolute value at most σ ‖∇Fi(x)‖2 and the integral quadratic remainder is at most
σ2 sup

∥∥D2Fi

∥∥
op /2. Substitute in (8). Expanding one order further gives (10).

3.2 A width-uniform complete-flow remainder

The remainder for a complete flow can be bounded uniformly as the packet width shrinks.
A bound on two separate trajectory remainders would give a loose O(h2/σ) estimate after
normalization. Keeping their difference inside the integral instead gives the following standard
auxiliary ODE estimate. It concerns the exact complete flow, rather than a global error theorem
for a Trotter approximation.

Proposition 3.3 (Complete-flow increment bound). Let U ⊂ Rd be open and convex, and let
F ∈ C2(U ;Rd). Suppose B(x, σ) ⊂ U , σ > 0, and all trajectories starting in that ball remain in
U for 0 ≤ t ≤ h0. Assume the uniform bounds

sup
U

‖F‖2 ≤ M, sup
U

‖DF‖op ≤ J, sup
U

∥∥∥D2F
∥∥∥

bil
≤ Hv, K := HvM + J2, (11)

where
∥∥D2F

∥∥
bil is the operator norm of the vector-valued bilinear map (u, v) 7→ D2F [u, v]. Put

Ah(z) = Φh(z) − z and

Rh(x, δ) := Ah(x + δ) − Ah(x) − h
(
F (x + δ) − F (x)

)
. (12)

Then, for 0 ≤ h ≤ h0 and ‖δ‖2 ≤ σ,

‖Rh(x, δ)‖2 ≤ Kh2eJh

2
‖δ‖2 . (13)

Consequently, writing Hi = supB(x,σ)
∥∥D2Fi

∥∥
op, the complete-flow increment statistic satisfies

Dinc
i (h; x, σ)

σ
≤ h ‖∇Fi(x)‖2 + hσHi

2
+ Kh2eJh

2
. (14)

Proof. Set G = DF F . Differentiating G gives DG[v] = D2F [v, F ] + DF DF v, so
supU ‖DG‖op ≤ K. Convexity permits the corresponding Lipschitz estimate for G. Twice
integrating the ODE yields

Ah(z) = hF (z) +
∫ h

0

∫ s

0
G(Φr(z)) dr ds. (15)

Subtract the formulas for z = x + δ and z = x before taking norms. The flow Lipschitz estimate
‖Φr(x + δ) − Φr(x)‖2 ≤ eJr ‖δ‖2 therefore gives

‖Rh(x, δ)‖2 ≤ K ‖δ‖2

∫ h

0

∫ s

0
eJr dr ds ≤ Kh2eJh

2
‖δ‖2 .

Combining this with the segmentwise second-order Taylor bound for Fi(x + δ) − Fi(x) proves
(14).
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The constants in (13) are independent of σ when the same neighborhood and derivative bounds
apply. In a coupled regime σ = κh with fixed κ > 0,

Dinc
i

σ
≤ h ‖∇Fi(x)‖2 + κHih

2

2
+ Kh2eJh

2
. (16)

The nonlinear-curvature and complete-flow temporal terms are both O(h2) and must both be
retained. This local estimate does not establish a global trajectory-reconstruction criterion.
An additional numerical group uses the nontrivial complete Hamiltonian flow F (q, p) =
(sin(2πp), sin(2πq)), with H = − cos(2πp)/(2π) + cos(2πq)/(2π). On R2, valid global constants
are M =

√
2, J = 2π, and Hv = (2π)2. The script compares the normalized remainder

with (13) for h ∈ {.01, .02, .04} and σ = κh, κ ∈ {.5, 1, 2}. It integrates the center and 128
boundary perturbations by RK4, comparing 1024 with 2048 internal steps. These are converged
numerical checks of selected trajectories, not exact continuum executions or a certification of
all perturbations; the uniform statement follows from the proposition’s proof.
The two terms in (9) separate linear stretching from local curvature. Increment distortion itself
can be nonzero for an affine field, even though averaging then follows the exact trajectory. For
a directional substep, if only the nonlinear part is desired, one can further subtract hσ∇Fi(x) · ξ
inside (7); its normalized magnitude is bounded by the Hessian term alone. For a complete
flow, the additional temporal remainder in (14) must also be included. These are standard local
Taylor estimates. They repair the definition and expose its assumptions; they do not establish
a new universal Ehrenfest–Reynolds threshold or a global trajectory-accuracy theorem.

4 Phase fringes, arithmetic means, and sampling

The source already contains a direct encoding of the mean of a bounded observable in Eqs. (32)–
(34). A separate phase-reference procedure in Appendix D.3 requires a different analysis. We
take its probability in source Eq. (D6) as the starting point, avoiding the missing affine proba-
bility conversion in source Eq. (37).

4.1 The exact statistic measured by a reference scan

Let Θ be the real observable encoded in the phase and let a be the reference angle. On either a
finite probability grid or a continuum probability space, define

P (a) := E
[
cos2(Θ − a)

]
, z := E

[
e2iΘ

]
. (17)

The finite-grid formula is exact, with the probabilities summing to one; no Riemann-sum approx-
imation is required for the following statements. The first circular moment and its argument are
standard objects in directional statistics [9]. The next proposition applies that standard identity
to the source’s particular reference fringe; the identity itself is not a claim of novelty.

Proposition 4.1 (Standard circular-moment identity for the reference fringe). For every real
a,

P (a) = 1
2

+ 1
2

Re(e−2iaz). (18)

If z 6= 0, its maximizing reference satisfies a∗ = 1
2 arg z (mod π), and its contrast is |z|. This

circular mean generally differs from E[Θ].

Proof. Use cos2 u = (1 + cos 2u)/2 and linearity of expectation. Writing z = |z|eiφ gives P (a) =
1/2 + (|z|/2) cos(φ − 2a), proving the assertion.
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Source Eq. (D8) correctly displays variance as a leading reduction of the fringe amplitude. The
paragraph after source Eq. (D10), p. 15, then introduces cos(2θerr) = 1 − 2 Var(Θ) and uses an
additive shift in a squared cosine. Multiplying a cosine’s amplitude and shifting its argument
are different operations: a fixed shift generally introduces an odd component about the original
peak. Equation (18) identifies the relevant quantities without this substitution.

Corollary 4.2 (Standard symmetry consequence: positive variance without phase bias). If
Y := Θ − µ has a symmetric distribution and C := E[cos 2Y ] > 0, then

P (a) = 1
2

+ C

2
cos[2(µ − a)], a∗ = µ (mod π). (19)

The conclusion holds even when Var(Θ) > 0.

Proof. Symmetry gives E[sin 2Y ] = 0, hence z = e2iµC. Apply Proposition 4.1.

For the ideal Gaussian Θ ∼ N(µ, σ2) on R, C = e−2σ2 . A symmetric truncated Gaussian on
[µ − b, µ + b] with b < π/4 also has C > 0, since cos 2Y > 0 throughout its support. The same
result holds exactly for symmetric finite-grid weights. Thus the counterexample does not depend
on an unbounded phase-space domain. A reference interval of length less than π containing µ
fixes the relevant branch of the maximum. Nonzero variance reduces contrast but does not
impose a nonzero phase bias in this family. With increasing samples the maximum can be
located arbitrarily accurately; reduced contrast affects the resources required.
The origin of a phase displacement can also be isolated locally. If Θ = µ + sZ, E[Z] = 0, and
E
[
|Z|5

]
< ∞, Taylor expansion of E

[
e2isZ

]
on the branch near 1 yields

a∗ = µ − 2
3

s3E
[
Z3
]

+ O(s5), s → 0. (20)

Here µ is fixed, and Z has a fixed distribution with the stated moments. The second moment
changes the real part at order s2; the leading imaginary part is −4s3E

[
Z3] /3. This is a moment

expansion of the exact fringe, not a general claim that all nonlinear inference biases begin at
the same order.

4.2 A fixed-frequency fringe need not identify the arithmetic mean

The positive-variance counterexample disproves a mandatory phase-bias floor. Conversely, it
does not make the circular mean a valid arithmetic mean estimator for arbitrary packets. A
complete scan of a in (18) determines only the one complex moment z.

Proposition 4.3 (Same entire fringe, different arithmetic means). There exist strictly positive
probability weights on four binary-grid points in [0, 1] with identical P (a) for every a and different
arithmetic means.

Proof. Choose µ = 1/2, a = 1/8, b = 1/16, and the ordered support x = (µ−a, µ−b, µ+b, µ+a).
Set c = sin(2b)/ sin(2a), v = (−c, 1, −1, c), and

p±
j = 1

4
± ηvj , 0 < η <

1
4

. (21)

Since 0 < c < 1, these weights are positive. Moreover,∑
j

vj = 0,
∑

j

vje2ixj = 2ie2iµ(c sin(2a) − sin(2b)
)

= 0. (22)
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The two distributions therefore have the same normalization and the same z. Their means differ
by ∑

j

(p+
j − p−

j )xj = 4η(ac − b) > 0. (23)

The strict inequality follows because sin t/t is decreasing for 0 < t < π/2, so c > b/a.

At η = 0.1 the mean separation is approximately 1.9659219701 × 10−4. All four support points
lie on a 16-point binary grid; this is an explicit embedding, not a claim that this grid size is
minimal. On a prescribed support of at most three distinct phases modulo π, normalization
and z determine the weights: the columns of the constraint matrix are (1, cos 2xj , sin 2xj)>, and
three distinct points on a circle cannot be collinear. Thus the matrix has full column rank.
Four is the smallest support size permitting different weights with the same fringe under these
known-support, nonaliased conditions. This statement does not apply to an unknown support
or assert a universal minimum for other measurement models.

4.2.1 Smooth realization in a conservative Liouville flow

The four-point construction can be realized by smooth probability densities in the same class of
conservative dynamics, rather than only by an abstract discrete distribution. Choose an even,
nonnegative φ ∈ C∞

c ((−ε, ε)) of unit mass, where 0 < ε < 1/32, and an even-about-1/2, smooth
probability density g supported in (1/2 − r, 1/2 + r), with 0 < r < 1/4. Using the weights and
support above, set

ν±(p) =
4∑

j=1
p±

j φ(p − xj), ρ±
0 (q, p) = g(q)ν±(p). (24)

The bumps are disjoint and lie inside (0, 1). They have zero mean relative to their centers, so ν±

retains exactly the four-point arithmetic means. The construction can be placed on the periodic
unit torus, giving a globally defined compact, measure-preserving flow; the packets below remain
in one coordinate chart for the interval considered. Under the nonlinear Hamiltonian shear (6),
their exact Liouville evolution is

ρ±
t (q, p) = g(q − t sin(2πp))ν±(p). (25)

For 0 ≤ t ≤ T < 1/2 − r, no q support crosses the coordinate boundary. The p marginal is
unchanged. Define the common factor φ̂(2) =

∫
e2iuφ(u) du. Then

Eρ±
t

[e2iP ] = φ̂(2)
∑

j

p±
j e2ixj , Eρ±

t
[P ] =

∑
j

p±
j xj . (26)

Here the subscript specifies the averaging density. The characteristic moments, and therefore
the entire reference fringes for Θ = P , remain identical, while the means remain different by
(23). The flow is divergence-free and has the source’s stronger own-coordinate independence.
This gives an explicit continuous, conservative realization of the statistical ambiguity. These
smooth mixtures are not Gaussian. They do not contradict identifiability within a prescribed
exact Gaussian family, or an algorithm’s use of additional knowledge of its prepared initial state.
They are separate from the symmetric-Gaussian counterexample to a mandatory variance-caused
phase bias.
One may append stationary variables Z with the same independent distribution in both states,
taking the product with a common density h(Z) and setting their vector-field components to
zero. Additional observables of Z then have the same distribution in both experiments. Ref-
erence fringes for phases of the form P + k(Z) also remain equal, because their characteristic
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moments acquire the same factor E
[
e2ik(Z)

]
. This extension does not assert nonidentifiability

from arbitrary joint observables: other encoded functions, additional Fourier frequencies, or
measurements of further state information can distinguish the two packets.

4.3 Direct mean encoding and its resource assumptions

Let a state have grid probabilities px, and let 0 ≤ f(x) ≤ 1. The Hadamard circuit with
diagonal phase ϑ(x) = 2 arccos

√
f(x) gives ancilla-zero amplitudes √

px(1+eiϑ(x))/2. Therefore
its probability is exactly

pf =
∑

x

px cos2
(

ϑ(x)
2

)
=
∑

x

pxf(x) = E[f(X)] . (27)

This is the source’s own Eqs. (32)–(34), read as a finite-grid identity. Standard amplitude es-
timation can estimate this encoded probability with additive accuracy using O(ϵ−1) coherent
queries at fixed success probability [4, 5]; more general observable estimation is also established
[6]. These are query statements requiring appropriate coherent state preparation, inverse op-
erations, reflections, and accurate observable encoding. Their gate costs and state-preparation
success costs remain to be counted. No new amplitude estimation algorithm or end-to-end
quantum speedup is claimed here.

4.4 Two sampling experiments have different variances

The measurement-cost prefactor in source Sec. V, p. 6, is written in terms of the packet covari-
ance. For an ancilla trial Y ∈ {0, 1} with success probability pf , independent trials give

Var
(

1
M

M∑
m=1

Ym

)
= pf (1 − pf )

M
. (28)

If instead one samples the coordinate X directly in the computational basis, the variance is
Var(X)/M . Source Appendix D.1 analyzes the latter experiment, whereas Appendix D.2 sep-
arately gives the Bernoulli variance factor. These describe different recorded variables, so the
direct-sampling covariance prefactor cannot be transferred to the ancilla circuit.
For f(X) = X and a packet symmetric about 1/2, pf = 1/2 and the ancilla variance per
shot is 1/4, regardless of packet width. At coordinate width σ = 0.01, this is 2500 times the
approximately σ2 direct-sampling variance; the same factor applies to the shot counts needed
for the same sample-mean variance. The ordinary inverse-square accuracy exponent survives,
as does standard amplitude estimation for the encoded probability. The correction is to the
experiment-specific resource prefactor. Accurate measurement of the actual packet mean also
leaves the separate nonlinear mean-trajectory discrepancy unchanged.

5 Calibration of the Lotka–Volterra example

The source’s Eq. (22) defines

L =
√

d max
i

sup
x∈Ω

‖∇Fi(x)‖2 , H =
√

d max
i

sup
x∈Ω

∥∥∥D2Fi(x)
∥∥∥

F
. (29)

Its effective width and parameter, source Eqs. (23), (25), are

σ2
F = ‖Σ‖F√

d
, R =

√
d σF H

2L
. (30)
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For Σ = σ2I, the definition gives σF = σ. The logarithmic Lotka–Volterra coordinates in the
source give

Fq(q, p) = −α + βe−p, Fp(q, p) = δ − γe−q. (31)

The Euclidean norm of each row gradient equals the Frobenius norm of its row Hessian at every
point:

‖∇Fq‖2 =
∥∥∥D2Fq

∥∥∥
F

= βe−p, ‖∇Fp‖2 =
∥∥∥D2Fp

∥∥∥
F

= γe−q. (32)

Consequently H = L on any common domain used in Eq. (29), and for this two-dimensional
example

R

σ
= 1√

2
= 0.7071067812 . . . . (33)

This differs from the source’s Eq. (45), which states R/σ = γ/β = 2.29. The inconsistency is with
the displayed definitions, independent of whether the common supremum is evaluated globally
or the same rowwise maxima are evaluated locally. With the source parameters β = e−1/3,
γ = e1/2, the ratio γ/β is actually 2.300975891 . . .; that small decimal discrepancy is secondary
to using the wrong ratio. At σ = 0.01, Eq. (33) gives R = 0.0070710678 . . ., instead of 0.0229.
Both values are small, so this calculation does not overturn the qualitative success of that
example. It changes the numerical calibration offered as evidence for the proposed criterion.
It also prevents interpreting the reported value as a direct evaluation of the stated L, H, σF

definitions.
The paper’s recommendation of roughly ten grid points across a packet width is explicitly an
order-of-magnitude numerical choice. We do not turn that choice into a sharp theorem or claim
a benchmark fails solely because a chosen width spans fewer cells.

6 Regularity required by the Gaussian remainder

Source Eq. (35), p. 6, assumes a Gaussian packet and an observable f twice continuously differ-
entiable near its mean, but assigns the expansion a remainder O(‖Σ‖2):

E[f(X)] = f(µ) + 1
2

tr(ΣD2f(µ)) + O(‖Σ‖2). (34)

The stated differentiability does not imply that order, even for an ideal Gaussian.

Proposition 6.1 (A C2 counterexample). Set µ = 1/2 and f(x) = |x − µ|3 on [0, 1]. This
observable is C2, satisfies 0 ≤ f ≤ 1/8, and has f(µ) = f ′(µ) = f ′′(µ) = 0. For a Gaussian of
width σ centered at µ, its expectation has leading order σ3, rather than O(σ4).

Proof. For an untruncated standard normal Z,

E
[
|σZ|3

]
= 2

√
2
π

σ3. (35)

The observable may be extended to a bounded C2 function on R by a smooth cutoff that is
one near µ; this changes the displayed expectation only by exponentially small terms as σ → 0.
Alternatively, normalize the Gaussian on [0, 1] itself. Its mean remains µ, its variance τ2

σ satisfies
τ2

σ ∼ σ2, and the expectation in (35) has only exponentially small changes. Consequently

E[f(X)]
τ4

σ

∼ 2
√

2
π

1
σ

−→ ∞. (36)

The purported second-order covariance remainder is therefore not a consequence of the stated
C2 hypothesis.
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The untruncated calculation is an exact Gaussian test; the compact version addresses the local-
ized packets used on a bounded computational domain. Source Appendix D.1 itself extends a
narrow Gaussian integral to the real axis. The exponentially small boundary correction cannot
repair the algebraic order in (36).
A standard sufficient stronger hypothesis makes the intended order precise. Here the operator
norm of a fourth derivative means the norm of its associated four-linear form.

Proposition 6.2 (A sufficient fourth-derivative bound). Let X = µ + Y with Y ∼ N(0, Σ) in
fixed dimension d. Suppose f ∈ C4(Rd) and supy

∥∥D4f(y)
∥∥

op ≤ M4. Then∣∣∣∣E[f(X)] − f(µ) − 1
2

tr(ΣD2f(µ))
∣∣∣∣ ≤ M4

24

[
(tr Σ)2 + 2 tr(Σ2)

]
(37)

≤ M4(d + 2)
24

‖Σ‖2
F .

Proof. Taylor expansion through cubic order has pointwise remainder bounded by M4 ‖Y ‖4
2 /24.

Centered Gaussian odd moments vanish, and E
[
Y >D2f(µ)Y

]
= tr(ΣD2f(µ)). The Gaussian

fourth-moment identity is E
[
‖Y ‖4

2

]
= (tr Σ)2 + 2 tr(Σ2). Finally, (tr Σ)2 ≤ d ‖Σ‖2

F .

Local C4 hypotheses can be used with an explicit tail estimate and control outside the local
neighborhood; they cannot silently replace the global bound in this proposition. This is a
standard Taylor and Gaussian-moment estimate, included to supply a repair rather than a
novel general approximation theorem. For the particular coordinate observables f = xi and
f = xixj , the relevant moment identities are exact for every distribution with the required
moments. The regularity counterexample therefore does not invalidate direct measurement of
means and covariance entries.

7 Consequences for numerical and measurement choices

The corrections change identifiable quantitative prescriptions, even where a qualitative demon-
stration of successful trajectory reconstruction remains valid. They should be assessed separately
from the general possibility of simulating a conservative density.

The geometric acceptance test. Under the printed definition, changing the packet width
or taking a smaller time step cannot make the stated directional-map ratio less than about 0.1:
its lower bound is one. For the concrete nonlinear shear with σ = 0.01 and h = 0.001, the
checked raw ratio is 1.0000098691, while the increment ratio is 0.0044399602. Thus the same
step is rejected by the printed statistic and can have small actual displacement distortion. A new
definition requires a newly justified interpretation of the threshold; merely changing the right-
hand numerical tolerance does not repair the missing initial offset in the source’s expansion. The
complete-flow estimate above states the additional temporal contribution that must be retained
when σ is proportional to h.

The readout target and stopping precision. For the symmetric finite-grid packet with
width 0.01, its coordinate variance is approximately 10−4 and its fringe contrast is approximately
0.99980002, but its phase maximizer remains the arithmetic mean. There is no nonzero phase-
bias floor in this example. A user should not stop refining a mean estimate solely because the
packet has nonzero variance. Conversely, the explicit same-fringe pair has a mean difference of
about 1.966×10−4 that no number of samples of that fixed-frequency fringe can distinguish. One
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must change the encoding or obtain additional information to estimate an arbitrary arithmetic
mean. The source’s direct observable encoding is one available alternative. Whether more
accurate readout improves a single-trajectory estimate still depends on the separate cloud-to-
trajectory bias.

Shot allocation. For independent samples with root-mean-square error target ϵ = 0.001, a
coordinate variance of 10−4 gives M ≈ 100, while the corresponding ancilla variance 1/4 gives
M = 250,000. The factor is 2500, not a change of the inverse-square exponent. These are
variance-based root-mean-square counts, not fixed-confidence guarantees. A confidence require-
ment introduces its own tail bound; it does not identify the two random variables.

Packet-width calibration. Under the same source heuristic R ≲ 0.1, the printed decimal
R/σ = 2.29 suggests σ ≲ 0.04367, whereas the displayed definitions give σ ≲ 0.14142. This is a
factor of about 3.24 in the nominal width ceiling. Other localization, boundary, and error-budget
constraints may be stricter. Both calibrations accept the source’s small initial Lotka–Volterra
width, so the correction is to the quantitative guideline rather than a claim that this particular
plotted orbit fails.

Observable error budgets and covariance constants. The C2 counterexample has a
cubic expectation in the packet width. A fourth-order remainder budget underestimates it by
an unbounded factor as the width tends to zero; either the regularity or the budget must change.
Coordinate and quadratic moments remain exact identities. Appendix B identifies the precise
smaller covariance bound that fails and evaluates the repaired main-text constant in the same
example.

8 Reproducible experiments

The companion implementation uses explicit analytic fields, finite probability vectors, and fixed
matrices; it requires no external dataset, original-paper PDF, quantum processor, or proprietary
software. The numerical results are classical corroboration of the displayed algebra, not inde-
pendent human peer review or evidence of a quantum speedup. The execution environment,
exact commands, source hashes, result hashes, and assertions are recorded in the repository.
Appendix C provides an inspectable execution summary and the main reported values.
The geometric experiment evaluates the source definition and the repaired displacement defini-
tion on the same nonlinear shear. Readout experiments use actual finite-grid probability vectors:
symmetric Gaussian samples and a positive four-node pair. The checks compare the complete
reference-phase fringes rather than estimating a maximum from noisy measurements. Further
checks compare the two sampling variances, reproduce the benchmark ratio, and demonstrate
the regularity counterexample by Gaussian quadrature. The covariance appendix checks exact
finite-matrix identities. A small rounding tolerance is used only for floating-point evaluation;
the main counterexamples also have analytic proofs.
A seventh group checks a nontrivial complete Hamiltonian flow in the coupled regime σ = κh.
The width-uniform estimate is proved in Proposition 3.3; the numerical calculation uses RK4
refinement and is not represented as an exact continuum execution.
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Check Numerical value Analytic comparison

Raw geometric ratio, h = 10−3 1.0000098691 ≥ 1
Increment ratio, same map 0.0044399602 0.0044399602
Maximum symmetric-packet phase bias 1.67 × 10−16 0
Same-fringe arithmetic-mean gap 0.0001965922 4η(ac − b)
Lotka–Volterra R/σ 0.7071067812 1/

√
2

C2 cubic-moment coefficient 1.5957691216 2
√

2/π
Dense covariance norm, t = 0.1 1.5068242214 appendix bound 1.3403624549
Bound with main-text L 1.7785221712 holds in this example

Table 1: Selected deterministic checks. Phase error is floating-point rounding. The covariance
row concerns the appendix’s smaller constant; the larger main-text constant repairs that example.
Full inputs and results are recorded in the checked JSON and execution log.
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Figure 1: The source geometric quantity retains the initial separation, whereas the repaired
displacement difference vanishes with the time step. Both are evaluated for the same nonlinear
Hamiltonian shear. This comparison addresses the printed definition; it is not a validation of a
universal corrected stability threshold.
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Figure 2: Finite width changes the contrast of a symmetric packet’s exact reference-phase fringe
without shifting its maximizing reference. The finite-grid calculations include positive-variance
packets. The distinct four-node nonidentifiability example is given in the text and numerical
log.

9 Discussion and limitations

The geometric error is an algebraic inconsistency between a definition and its expansion. Sub-
tracting the initial separation repairs that inconsistency, but does not by itself establish that
any chosen smallness threshold guarantees long-time trajectory accuracy. A useful theorem
must specify the map, local derivative bounds, packet support, quadrature, time horizon, and
reconstruction error to be controlled.
The readout correction likewise separates tasks. A fixed-frequency fringe does not determine an
arbitrary arithmetic mean. Symmetry can eliminate the phase bias, while nonsymmetric packets
can introduce one. These facts neither remove the nonlinear discrepancy in Eq. (1) nor impose
a universal covariance floor on estimating an encoded expectation. The appropriate accuracy
and resource statements depend on the chosen circuit and statistical experiment.
The benchmark calibration correction does not show that the Lotka–Volterra simulation fails:
both the printed and corrected initial parameters are small in that example. The covariance
proof repairs are not a refutation of every main-text bound. Gaussian closure may be useful over
restricted time windows; its practical accuracy requires checks beyond the counterexamples here.
No exhaustive error inventory, end-to-end quantum advantage, new general moment-closure
theory, or universal impossibility theorem is claimed.

10 Conclusion

The geometric criterion printed in arXiv:2609.28999v2 retains an initial separation that its ex-
pansion omits. The exact directional-map calculation makes the normalized quantity at least
one. The proposed phase inference also conflates fringe contrast with phase displacement; its
output is a circular mean, and fixed-frequency fringe data need not identify an arithmetic mean.
Correcting these statements requires explicit definitions and inference assumptions. The accom-
panying examples and proofs supply reproducible repairs while preserving the valid distinction
between transported-density means and individual nonlinear trajectories.
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A Targeted source passages and version scope

All locators in this appendix refer to the PDF of arXiv:2609.28999v2 [1], not the HTML con-
verter’s appendix numbering. The 17-page supplied PDF is byte-identical to a fresh versioned
arXiv download: 959,353 bytes, with SHA-256 f895d195c935bcc9e3d0b14d2499f59aa
497b8fcdce7d69f13fbc74d10301add. The official record checked on 28 October 2026 lists v2,
revised 25 September 2026 at 21:21:38 UTC, and no journal reference or later revision. The PDF
stamp also states 25 September. The rendered Matilda work page, checked on the same day,
displays “Created date: 2026/09/25” and “Matilda last update: 2026/10/01”. Its one associated
arXiv entry displays “Created date: 2026/09/25”, “Publication date: 2026/09/29”, “Source
last update: 2026/09/29”, and “Matilda last update: 2026/09/30”. That entry links to the
unversioned arXiv abstract and PDF, not a separately identified revised manuscript. Matilda’s
metadata explanation says version metadata are displayed when available from the original data
source; the inspected explanation does not specify how these date fields map to arXiv revision
history. We use the versioned primary-record date and do not infer a distinct scientific revision,
announcement date, or harvesting event from the aggregator fields. No source author has been
contacted; no author confirmation is claimed. No persistence claim is made for an unexamined
revision or version of record.
The versioned arXiv TeX archive was retrieved separately by one ordinary public request (HTTP
200): 740,540 bytes, SHA-256 663a2a2296ad605607c47baa1854fafd76
124593cb4f92bf8e209e76da6516e2. Its original Limit.tex has 99,001 bytes and SHA-256
cd636885026f6567d9cfa922ac4d3f77
f6f9bf25d6f5cf482ed775b282174112. The following transcriptions were checked against both
this TeX and rendered PDF pages. The repository’s selective source excerpts retain original
filenames, hashes and line numbers, with an independent archive-to-excerpt verifier. The original
archive, full TeX and PDF are not redistributed.

A.1 Geometric definition and criterion

On PDF p. 5, source Eq. (30) defines the “maximal relative drift” as

∆σF xi := max
ξ∈Bd

|xi(x + σF ξ, ∆t) − xi(x, ∆t)|

= ∆t max
ξ∈Bd

|Fi(x + σF ξ) − Fi(x)| + O(∆t2).

On p. 6, source Eq. (31) gives √∑
i(∆σF xi)2
√

d σF

≲ 10−1.

Appendix C, p. 13, repeats the position-difference definition as (C1). Its following sentence
defines xi(x, t) as “the value of xi after a translation along the xi axis of time t starting from the
initial position x” (Limit.tex, line 1380). Thus the omission of the initial offset is not explained
by defining xi to mean displacement. The main text, p. 3, source Eq. (9), requires ∂xiFi = 0 for
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each directional factor; this is stronger than divergence-freeness and is explicitly acknowledged
there. Primary anchors: (30), (31), Appendix C definition; source lines 789–825 and 1376–1384.

A.2 Phase fringe and the claimed precision scale

Appendix D.3, p. 14, source Eqs. (D6)–(D7), gives the probability

P0(a) =
〈
cos2(θ − a)

〉
ρ

= 1
2

+ 1
2
〈
cos
(
2(θ − a)

)〉
ρ

+ O(2−n).

Here the expectation identity is exact on the discrete distribution; the displayed O(2−n) concerns
comparison with a continuum integral. The source’s next expansion, (D8), is

P0(a) = 1
2

+ 1
2

cos
(
2(〈θ〉ρ − a)

)(
1 − 2 Varρ(θ)

)
+ O

(〈
|θ − 〈θ〉ρ|3

〉
ρ

)
.

After (D10), p. 15, the prose states that the precision is “at best Varρ(θ)” and assigns the
scale O(‖Σ‖ ‖D2θ‖). It introduces cos(2θerr) = 1 − 2 Varρ(θ) and then writes a shifted form
P0 ∼ cos2(〈f〉ρ − mϵ + θerr). The correction targets that contrast-to-phase inference. It does
not deny the distinct nonlinear cloud-to-trajectory discrepancy discussed in source Section IV.
Primary anchor: Appendix D.3; source lines 1568–1607 and 1614–1616. The HTML converter’s
(68)–(70) correspond to PDF (D8)–(D10).

A.3 Sampling and observable regularity

Source Section V, p. 6, defines f : Ω → [0, 1] and uses θ = 2 arccos
√

f , yielding P0 = 〈f〉ρ.
The paragraph following source Eq. (35) assigns the shot count M = O(Σ/ϵ2) to estimating
this probability. Appendix D.1 instead analyzes direct coordinate samples, while D.2 separately
analyzes Bernoulli measurements. These measurement models have different variances.
Immediately before source Eq. (35), f is assumed twice continuously differentiable near the
mean and ρ multivariate Gaussian. The displayed expansion is∫

Ω
f(x)ρ(x) dx = f(〈x〉) + 1

2
Tr
(
ΣD2f(〈x〉)

)
+ O(‖Σ‖2).

The regularity counterexample concerns this remainder under the stated C2 assumption. It
does not challenge the polynomial identities for coordinate and squared-coordinate observables.
Primary anchor: (35); source lines 888–904 and 912.

A.4 Ehrenfest–Reynolds calibration

On p. 5, source Eqs. (22)–(25) define

L =
√

d max
i

sup
x∈Ω

‖∇Fi(x)‖2, H =
√

d max
i

sup
x∈Ω

‖D2Fi(x)‖F ,

σ2
F = ‖Σ‖F√

d
, R =

√
d σF H

2L
.

The source states σF = σ for Σ = σ2I. For its logarithmic Lotka–Volterra example, source
Eq. (45), p. 7, writes

R

σ
= γ

β
= 2.29.

The numerical-calibration correction compares that display with the definitions above, rather
than imposing a different definition of R. Primary anchors: definitions beginning at (22), (45);
source lines 653–674, 690–700 and 1030–1037.
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A.5 Disclosed approximations and preserved conclusions

Source Section IV.B, p. 4, explicitly describes approximately Gaussian second-order closure and
a constant covariance Frobenius norm. It acknowledges that covariance conservation is stronger
than phase-space volume conservation. Section IV.C, p. 5, says the choice of about ten grid
points used in its width criterion is an arbitrary order-of-magnitude estimate. These disclosures
remain part of the scope of the source’s claims. The present note does not treat them as newly
discovered omissions. The valid distinction 〈F (X)〉 6= F (〈X〉) for nonlinear dynamics is retained.
Primary anchor: constant-covariance closure section; source lines 561–565 and 631–642.

B Covariance and width-normalization repairs

These supporting corrections concern the source’s Appendix B.2 and its Eq. (41). They do not
replace a complete covariance theorem for the nonlinear flow.

For a linear deviation equation Ẏ = JY , the second-moment matrix C = E
[
Y Y >

]
satisfies

exactly
Ċ = JC + CJ>. (38)

The source prints JC + CJ with Jij = ∂jFi. For J =
( 0 1

−1 0
)

and C = diag(4, 1), its off-diagonal
entries are 5, −5 rather than the correct −3, −3. A covariance derivative must be symmetric.
The norm estimate following the corrected equation is∥∥∥Ċ∥∥∥

F
≤ 2 ‖J‖2 ‖C‖F . (39)

If r = maxi ‖∇Fi‖2, the general row estimate is ‖J‖2 ≤ ‖J‖F ≤
√

d r. The source’s main
definition L =

√
d r supplies this factor; its Appendix B.2 redefinition omits it. The same

appendix also moves the inner index sum outside the square in ‖JC‖2
F , discarding cross terms.

To identify precisely which bound fails, set

A =
(

1 1
1 1

)
, J =

(
0 A
A 0

)
, v = 1

2
(1, 1, 1, 1)>, C0 = vv> + 0.01I4. (40)

This is the linear conservative Hamiltonian field generated by H = ((p1 + p2)2 − (q1 + q2)2)/2.
The exact solution is C(t) = etJC0etJ> . Since Jv = 2v and J has eigenvalues 2, −2, 0, 0,

‖C(t)‖F =
(
1.012e8t + 0.012e−8t + 2(0.01)2

)1/2
. (41)

Here r = maxi ‖∇Fi‖2 =
√

2, while the main-text definition gives L =
√

d r = 2
√

2. At t = 0.1,

‖C0‖F e2rt︸ ︷︷ ︸
appendix’s smaller-constant bound

= 1.3403624549 < ‖C(t)‖F = 1.5068242214, (42)

‖C0‖F e2Lt︸ ︷︷ ︸
main-text constant

= 1.7785221712 > ‖C(t)‖F . (43)

Thus it is the appendix’s displayed exponential bound with its redefined smaller constant that
fails. The larger main-text constant holds in this same example. These dimensionless matrices
can be multiplied by ϵ2, for example ϵ = 0.01, and realized as bounded, localized data in a
unit-box chart for a short interval; all comparisons scale by the same factor. This does not
refute every main-text bound.
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Finally, source Eq. (41) identifies
√∥∥Σ1/2

∥∥
F with σF . Under the explicit isotropic test Σ = σ2I,

these quantities are respectively d1/4√
σ and σ. The width defined in source Eq. (23) is instead

σF =
(‖Σ‖F√

d

)1/2
. (44)

Correcting this identity is necessary before using that displayed formula to balance a measure-
ment error with the packet’s localization scale. It does not create a universal lower bound on
the accuracy of measuring a mean.

C Pinned execution evidence

The numerical code and checked results are pinned to Git commit

1f006c4d0acae13b2ccee9e485cb31288c2cdc0d

in the repository https://github.com/Teylersf/koopman-embedding-corrections. This is
the code snapshot; the publication commit additionally contains the finished manuscript and
PDF. To reproduce the numerical values:

git clone https://github.com/Teylersf/koopman-embedding-corrections.git
cd koopman-embedding-corrections
git checkout 1f006c4d0acae13b2ccee9e485cb31288c2cdc0d
python -m pip install -r requirements.txt
python -X utf8 experiments/verify.py
python -X utf8 experiments/make_figures.py

The source and result hashes below identify the exact executed files. All seven check groups
completed with exit status zero. This is an author-environment execution record, not a third-
party certification. The complete log and JSON are included in the repository and release
archive; the numerical table and explicit constructions make the main claims inspectable within
this paper.

AUTHOR-ENVIRONMENT EXECUTION RECORD
Deterministic classical checks, not independent human peer review or third-party certification.
Command: python -X utf8 experiments/verify.py
Started UTC: 2026-10-28T21:49:07.529024+00:00
Python: 3.12.14 (main, Aug 25 2026, 14:01:42) [MSC v.1944 64 bit (AMD64)]
Platform: win32
NumPy: 2.3.5
Script SHA-256:

46ad81502f628e4203a64d08ef56d6b9
d80c1f4b8fcffd58f92ffc182b91df21

PASS: geometric_criterion
PASS: phase_and_sampling
PASS: single_frequency_nonidentifiability
PASS: LV_calibration
PASS: C2_remainder
PASS: covariance_and_width
PASS: complete_flow_uniform_remainder
All assertions passed: true
Exit status: 0
Verification JSON SHA-256:

f4b9923ee391811ce4f1826f46ea126a
d13ef7a4806b8c9d11a166c40be4ae7c

Elapsed seconds: 0.994749
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