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Abstract

Let F' be a field of characteristic p > 0. We resolve Problem 2.2 of
Auel-Brussel-Garibaldi-Vishne: every p-algebra of degree p? over F
is a crossed product.
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1 Introduction

Let F be a field of characteristic p > 0. A p-algebra over F' is a central simple
F-algebra whose degree is a power of p. A crossed product (Definition
is a central simple algebra containing a Galois maximal étale subalgebra; it
is cyclic if that subalgebra is a cyclic Galois extension [3, p.221]. Here and
below, C,, denotes a cyclic group of order n.

Albert proved that if a field of characteristic p admits a non-trivial p-
algebra, then it possesses a cyclic extension of degree p [I, Ch.VII, Theorem
23|; consequently every p-algebra of degree p is cyclic. He also showed that
every degree-4 p-algebra in characteristic 2 is a Cy x Cy-crossed product [1]
Ch.XI, Theorem 9|. At the opposite extreme, Saltman showed that over an
infinite field of characteristic p, the generic division algebra of degree p™ is not
a crossed product for any n > 3 [I1, Theorem 3.4|, and Jacob—Wadsworth
constructed noncrossed products of index p™ and exponent p” for all m >
n > 3 [, Theorem 5.4].

Problem 2.2 of Auel-Brussel-Garibaldi-Vishne [3, Problem 2.2] asks for

the remaining boundary case:
Determine whether p-algebras of degree p? are crossed products.

For odd p, the problem has been completely open. Amitsur and Saltman
constructed noncyclic p-algebras of degree p® |2, Theorem 3.2], but these
are abelian crossed products with group C), x C); noncyclic does not imply
noncrossed. McKinnie showed that these algebras remain noncyclic after any
prime-to-p extension [9, Corollary 3.10], but this does not affect their crossed
product status. Rowen and Saltman proved that every degree-p? division al-
gebra becomes a C, x Cj-crossed product over some prime-to-p extension [10),
Corollary 1.3], establishing a strong necessary condition that any counterex-
ample would have to violate. All known noncrossed p-algebra constructions
require degree > p? (characteristic p), or cohomological dimension > 3 (char-
acteristic 0): Brussel-Tengan constructed noncrossed products over function
fields of p-adic curves [5, Theorem 6.1], whose function fields have cohomo-
logical dimension 3; neither setting applies to degree p? in characteristic p.

In this paper we prove that the answer to Problem 2.2 is affirmative:

Theorem 1.1 (Main). Let F' be a field of characteristic p > 0. Then every
p-algebra of degree p* over F is a crossed product.

The proof rests on Albert’s structure theorem [I, Ch.VII, Theorem 28]:
every p-algebra of degree p? is similar (Brauer equivalent) to a tensor product
of two degree-p cyclic p-algebras (a,t), @r (8, s),, where each factor is a
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degree-p cyclic algebra as in Definition 2.1} « and 8 are the Artin—Schreier
parameters, t and s the norm parameters. The crossed product status is then
determined by the Fj-linear dependence or independence of o and 3 in the
quotient F/p(F).

When «, § are F,-independent, we exhibit the tensor product explicitly
as a C), x C, crossed product (Proposition . When «, § are dependent,
Brauer bilinearity forces the index to drop to at most p, reducing the al-
gebra to a matrix algebra M, /4(C') over a degree-d cyclic algebra C' with
d < p. For d = p, the case p-rank = 1 is handled by a direct cyclicity crite-
rion (Proposition ; when the p-rank of F' exceeds 1, a linear disjointness
argument for Artin—Schreier extensions settles the case (Proposition .
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2 Preliminaries

Throughout this paper, I’ denotes a field of characteristic p > 0. The Artin—
Schreier operator is p(a) = a? —a. For a € F\ p(F), the extension F(p~!(«))
is cyclic Galois of degree p.

Definition 2.1 (Cyclic p-algebra). For a € F and t € F*, the cyclic p-
algebra (o, t), is the associative F-algebra generated by elements u, w subject
to the relations

1

o(u) = a, wP =t, wuw ™ =u+ 1.

It is a central simple F-algebra of degree p. By [I, Ch.VII, Theorem 17], a
cyclic algebra of prime degree p is a division algebra if and only if its norm
parameter is not a norm from the cyclic extension; for (a,t), this means
a ¢ p(F) and ¢ is not a norm from F(p~'(a)).

Lemma 2.2 (Linear disjointness of Artin-Schreier extensions). For a,f €
F, the Artin-Schreier extensions F(p~(a)) and F(p~Y(8)) are linearly dis-
joint over F (i.e., their compositum has degree p* over F) if and only if a
and B are F,-linearly independent in F/p(F).
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Proof. Two Artin—Schreier extensions coincide if and only if their parameters
differ by a nonzero F),-multiple modulo o(F’) [6, Proposition 4.3.10]. For two
Galois extensions of prime degree p, the Galois group of their compositum
embeds into C, x C, with surjective projections [8, Ch.VI, Theorem 1.14];
its order is either p (the extensions coincide) or p* (they are linearly dis-
joint). Thus they are linearly disjoint precisely when they are distinct. Hence
F(p~'(a)) and F(p~1(8)) are linearly disjoint over F (i.e., their compositum
has degree p?) if and only if &, 3 are F,-linearly independent in F//p(F). O

This lemma is used in Propositions and to construct the com-
positum of two independent Artin-Schreier extensions as a C), x C,-Galois
maximal subfield.

Definition 2.3 (Crossed product). Let G be a finite group. A central simple
F-algebra of degree n is a G-crossed product if it contains a G-Galois maximal
étale subalgebra (i.e., a direct sum of copies of a G-Galois field extension, of
total dimension n over F') [3, p.221]; it is cyclic if G is cyclic.

Lemma 2.4 (Height-1 splitting). [6, Lemma 9.1.7/: every central simple
F-algebra of period p is split by a height-1 extension K/F (i.e., KP C F).

This is used in the exponent-p subcase of Proposition to reduce to a
simple purely inseparable splitting field.

Lemma 2.5 (Simple purely inseparable extensions). If [F' : FP] = p, then
every finite purely inseparable extension of F' is simple; more precisely, K =
F(y*") for some~ € F and f >0, and [K : F] = p/.

Proof. Pick t € F'\ FP; then t* € FP so [FP(t) : FP] < p. Since t ¢ FP,
[FP(t) : FP] > 1; but [F : FP] = p forces equality F' = FP(t). Hence
1,t,...,tP7! form a basis of F over F” and {t} is a p-basis (a minimal gen-
erating set for F' over FP; [4 Ch.V, § 13, n°l, Def. 1]). The Frobenius
isomorphism x + 2P induces [L'/P : L] = [L : LP] for any field L of char-
acteristic p. Taking L = F'/?'"" and noting (F'/»'"")» = F'/?'"* induction
on f yields [F¥?" . FY/P'™"] = p and consequently [FY/?" : F] = pf and
FYv' — p/v).

Let K/F be a finite purely inseparable extension of exponent p° (the
smallest e such that K?° C F). Then K C FY?* = F(t/7°). Tt remains to
show that every intermediate field of F(t'/7)/F is simple. Set o = t/?°. For
F C M C F(a), the minimal polynomial of a over M divides X?" —t = (X —
a)P"; hence it equals (X —a)P" = X?P" —a?" for some r < e. Here r is minimal
with o € M. Now o = t/P""; writing k = e — r, we have e M,
so F(tY/7") C M. Since each step F(t1/?"")/F(t'/7") has degree p by the
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computation above, [F(a) : F(tV/7")] = p** = p", while [F(a) : M] = p" by
definition of . Hence M = F(t'/7"), a simple extension. O

This lemma is used in Proposition to write the pure inseparable split-
ting field as F(y/?") and deduce [K : F] = p/, thereby controlling the
exponent bound.

Proposition 2.6 (Albert cyclicity criterion). [, Ch.VII, Theorem 27]: a p-
algebra A is cyclic if and only if there exists a simple purely inseparable field
R whose degree over F' is at most the degree of 2 and such that R splits .

This cyclicity criterion applies to all p-algebras, not merely division alge-
bras. It is used in the exponent-p subcase of Proposition [4.1]

Proposition 2.7 (Albert pure inseparable splitting). [1, Ch.VII, Theo-
rem 21]: every p-algebra of index p° over F possesses a pure inseparable
splitting field K/F of finite degree, whose exponent over F (i.e., the small-
est r such that KP" C F) is at most p°.

This is used in the exp(D) = p? subcase of Proposition to obtain a
pure inseparable splitting field whose degree is bounded by the exponent.

Proposition 2.8 (Albert cyclicity criterion for division algebras). [1, Ch. VII,
Theorem 26]: a division p-algebra © of degree p© is cyclic if and only if © is
split by a simple purely inseparable extension F(yY/P°) of degree p® over F.

This will be applied in the p-rank 1 case (Proposition to verify cyclic-
ity when a pure inseparable splitting field is available.

Proposition 2.9 (Albert degree-p cyclicity). [, Ch.VII, Theorem 23]: every
division algebra of degree p over a field of characteristic p is cyclic; in par-
ticular, a field of characteristic p containing a non-trivial p-algebra possesses
a cyclic Galois extension of degree p.

This is used in Proposition [5.1] to obtain the cyclic extension inside the
degree-p cyclic division algebra C, and in case (C3) of the proof of Theo-
rem [L.1] to conclude that a degree-p division algebra is cyclic.

Definition 2.10 (Similarity). Two central simple F-algebras A;, Ay are sim-
ilar, written Ay ~ A, if their underlying division algebras are isomorphic [I]
Ch.IV, §8|. This is Brauer equivalence: A; ~ A, if and only if [4;] = [A,] in
Br(F) [6, Remark 2.4.6, 1.].



Proposition 2.11 (Albert cyclic decomposition). [I, Ch.VII, Theorem 28]
states: let A be a p-algebra over F' split by a purely inseparable extension
R=F(y l/m, ™) with ng = p%. Then

A~ By X - X By,
where each B; is a cyclic algebra (S;, S;, ;) of degree m; dividing n,.

Lemma 2.12 (Albert decomposition for degree p?). [1, Ch.VII, Theorem 28
and the concluding paragraphs of §7.9]: every p-algebra D of degree p* over F
is either cyclic (case (C1) below) or similar to a tensor product of two degree-p
cyclic p-algebras. In the latter case, the Artin—Schreier parameters of the two
factors are either F,-independent or F,-dependent. The following trichotomy
covers all possibilities (the cases need not be mutually exclusive):

(C1) D is similar to a cyclic algebra of degree p*;

(C2) there exist degree-p cyclic p-algebras A = (o, t), and B = (B, s), such
that D ~ A®p B and o, B are F,-independent in F/p(F);

(C3) there exist degree-p cyclic p-algebras A = (a,t), and B = (f,s), such
that D ~ A®p B and o, B are F,-dependent in F/o(F); in this case
ind(D) < p.

Proof. The classification is Proposition . For (C3), write = ca + p(7)
with ¢ € F) and v € F. In Br(F), the class of a cyclic p-algebra de-
pends only on the first parameter modulo p(F) [6, Proposition 4.7.3|; hence
[(5, s)p] = [(p(7) + ca,s),] = [(ca,s),]. The isomorphism Br(F)[p] =

H?*(F,F,) endows Br(F)[p] with the structure of an F,-vector space in which
c- [(a t)pl = [(ca,t),] = [(a,t%),] for ¢ € F) [6, Proposition 4.7.3]. Conse-
quently [(8,5),] = [(a 5%),). By bilimearity, [(a t)] + [(5,s),] = [(c0 1)) +
[(a, 5%, = [(a,ts%),]. The latter class is represented by the cyclic algebra
(o, ts%), of degree p; thus its index divides p and ind(D) < p. ]

This lemma provides the case distinction for the proof of the Main The-
orem (Section [6]).
3 The independent case

We prove that when the Artin-Schreier parameters are F)-independent, the
tensor product is a C,, x Cpy-crossed product.



Proposition 3.1. Let A = (a,t), and B = (8,s), be two degree-p cyclic
p-algebras over F'. Assume that the classes of o and 3 are F,-linearly inde-
pendent in F/o(F). Then the tensor product A ®p B is a C, x C,-crossed
product.

Proof. Write A = (a,t), and B = (8, s), with generators u4,wy for A and
up,wp for B as in Definition 2.1} In A®r B, set 2 =us®1, y =1 Q up,
2a=wa®1, zp=1Qwg, and K = F(z,y). Then 2y = (ua®1)(1Q@up) =
us®@up = (1@ up)(ua ® 1) = yx. The field K = F(z,y) satisfies p(x) = «
and p(y) = . By Lemma and the Fj,-independence hypothesis, the
extensions F(z) and F(y) are linearly disjoint over F'; their compositum
K = F(z,y) is therefore a field with [K : F] = p? = deg(A ®r B). The
inclusion K < A ®p B is a nonzero F-algebra homomorphism from a field,
hence injective; consequently K is a maximal étale subalgebra of A ®p B
in the sense of Definition [2.3] The Galois group is Gal(K/F) = C, x C,,
generated by

r—x+1, T =T,
gp . op :
Y=y, y—y+1L

From v’ =t and wh = s we have 2!} = ¢, 25, = s. Moreover, z42p =
(wa®1)(1®wp) =ws@wp = (1 ®wg)(wa ®1) = zpz4. By the defining
relations of A and B (Definition and the tensor product structure, their
conjugation action on K is

—1 ~1 —1 —1
zaxzy =x+1, zayzy =y, 2BpTzg =¥, 2zpYzg =y +1,

and zafz,' = zpfzg' = f for all f € F (since wa, wp centralize F).

Basis verification. The algebra A has F-basis {u4w’ : 0 < a,i < p},
and similarly for B. Their tensor product D has basis {u%w’ @ ubwy : 0 <
a,b,i,j < p}. Using the commutation relation waus = (uas + 1)w, (and its
iteration w'u® = (ua + i)*w’)), every basis element can be rewritten as

whty ® ;= (ufh @ uy)(wy © 1) (1@ wh) = k- 22

with & = u% @ uly € K. Hence the p® - p?> = p* elements {kz,2} : k €
F-basis of K,0 < 4,5 < p} span D. A dimension count (dimpD = p?,
dimp K = p?, p* choices for (i,j)) shows they are linearly independent,
hence an F-basis. The multiplication rules zak = 04(k)za, z5k = op(k)zp
for k € K, together with 28y = t, 2% = s, z42p = zpz4, follow directly from
the defining relations of A and B.

These relations show that A ®p B is a C), x C)-crossed product (Defini-

tion . L]



Remark 3.2. Even when ind(A ®p B) < p? (e.g. when A~ B~! in Br(F)),
the tensor product A®p B itself, as constructed in Proposition [3.1], is already
a C, x C), crossed product; the fact that it is a matrix algebra over a cyclic
division algebra does not affect the crossed product structure exhibited in
the proof. Thus the crossed product conclusion of Proposition holds
unconditionally, regardless of the index.

4 The p-rank 1 case

When [F : FP] = p (i.e., p-rank 1), the uniqueness of the degree-p purely
inseparable extension provides a direct path to cyclicity, which handles all
exponent-p and exponent-p? algebras uniformly.

Proposition 4.1. Let F be a field of characteristic p with [F : F?P] = p.
Then every p-algebra of degree p* over F is a crossed product.

Proof. Let D be a p-algebra of degree p? over F' (not necessarily a division
algebra). Since exp(D) | deg(D) = p?, exp(D) € {1,p,p*}. We treat the
three cases separately.

If exp(D) = 1, then D = M2(F) is trivially a crossed product.

If exp(D) = p, then by Lemmal[2.4]the algebra D is split by a finite height-
1 extension K/F. A height-1 extension satisfies K? C F', hence K C FYr,
By Lemma , F'Y/? = F(t'/P) (where t is a p-basis element) and [FV/? : F] =
p. Hence K is a subfield of F''/?, so [K : F] | p. Since D is not split over F,
[K : F] # 1; thus [K : F] = p and K = F'/?, a simple purely inseparable
extension of degree p < p? = deg(D). Applying Proposition to D with
splitting field F''/?_ we conclude that D is cyclic, hence a Cp2-crossed product.

If exp(D) = p?, then D is a division algebra (since exp(D) | ind(D) |
deg(D), [6, Theorem 2.8.7, 1.]). By Proposition[2.7, the algebra D has a pure
inseparable splitting field K/ F. By Lemmaﬁ, K = F(y" pf) for somey € F
and f > 0, and [K : F| = p/. The exponent bound from Proposition
yields f < 2. We first exclude f < 1. If f < 1, then [K : F| < p. The
restriction-corestriction formula corg/poresg/p = [K : F]-id on Br(F) [0,
Proposition 4.2.12] gives [K : F] - [D] = 0 in Br(F); hence exp(D) | [K :
F] < p, contradicting exp(D) = p?. Hence f = 2. By Proposition , the
algebra D is cyclic, hence a Cp2-crossed product (Definition . O]

5 The dependent and p-rank > 2 case

When the Artin-Schreier generators are Fj,-dependent, the Brauer class re-
duces to a cyclic algebra of degree at most p. The degree-p? algebra is then

8



a matrix algebra over that cyclic algebra. The p-rank 1 subcase was settled
above (Section ; this section treats the remaining case p-rank > 2.

Proposition 5.1. Let F be a field of characteristic p with [F : FP] > p?.
Let C be a cyclic division algebra of degree p over F. Then My(C) is a
C, x Cp-crossed product.

Proof. By Proposition , applied to C, there exist « € F'\ p(F') and ¢ € F'*
such that C' = (a,¢),. Set L = F(p~*(a)); then L/F is a cyclic Galois
extension of degree p.

The Artin-Schreier isomorphism F/p(F) = Homeon (Gal(F*?/F),F,) |4,
Ch.V, § 11, n°9, Th. 5] yields dimg, F//p(F) > 2 (since [F : F?] > p?). Since
a # 01in F/p(F), there exists 3 € F such that 3 is F,-linearly independent
from a. Define M = F(p1(B)).

By Lemma 2.2} the extensions L/F and M/F are linearly disjoint over F';
hence their compositum L ®p M is a field of degree p* over I, Galois with
group C, x C,,.

The regular representation of M (using [M : F] = p) embeds M as
a maximal commutative subalgebra of M,(F) [1I, Ch. IX, § 5]. Since C
contains L by construction (Definition [2.1)), we have inclusions L C C and
M C M,(F). Their tensor product yields an F-algebra homomorphism

t: LR M — C@FMP(F)gMp(C),

where the isomorphism C' ®p M,(F) = M,(C) is the standard base-change
property of matrix algebras [I, Ch. IV, § 8]. By Lemma2.2] LN M = F and
the extensions are linearly disjoint; hence L& g M is a field (the compositum).
The map ¢ is a nonzero homomorphism from a field to a ring, therefore
injective. Moreover, [L @p M : F] = p* = deg(M,(C)), so its image is a
maximal étale subalgebra, Galois with group C, x C,, by the linear disjointness
argument above. By Definition [2.3] M,(C) is a C, x C,-crossed product. [J

6 Proof of the Main Theorem

Proof of Theorem[I.1. Let D be a p-algebra of degree p* over F (not nec-
essarily a division algebra). By Lemma , D satisfies at least one of the
cases (C1), (C2), (C3); if it satisfies more than one, resolving any single case
suffices.

Case (C1): D is similar to a cyclic algebra C of degree p?. Since D and
C have the same degree p?, similarity implies isomorphism [6, Remark 2.4.6,
2.]. A cyclic algebra is a crossed product (Definition [2.3)).



Case (C2): there exist degree-p cyclic p-algebras A = (a,t), and B =
(B,5)p such that D ~ A®p B and o, 3 are F,-independent in F/p(F). By
Proposition , the tensor product A ®p B is a C), x C,, crossed product. If
ind(A®r B) = p?, then D 2 A®p B and we are done. If ind(A®Fr B) < p?,
then ind(D) = ind(A ®F B) (similarity preserves the underlying division
algebra, Definition [2.10). Since ind(D) | deg(D) = p? and ind(D) < p?, we
have ind(D) < p; thus the argument of case (C3) below applies.

Case (C3): there exist degree-p cyclic p-algebras A = (a,t), and B =
(B, ), such that D ~ A®p B and o, B are F,-dependent in F/p(F); hence
ind(D) < p. Then D = M, ,4(C') where C' is a degree-d division algebra
with d = ind(D) < p.

o If d =1, then D = M,:(F), trivially a crossed product.
e If d = p, then C is cyclic by Proposition

— If [ : FP] = p, then Proposition shows that every degree-
p? p-algebra over F' is a crossed product; hence D is a crossed

product.

— If [F': FP] > p?, then Proposition [5.1| shows that D = M,(C) is a
C, x Cp-crossed product.

Lemma guarantees that every degree-p® p-algebra satisfies (C1),
(C2), or (C3). All cases yield a crossed product (Definition [2.3)). O

Example 6.1 (Independent generators). Take A = (z,y), and B = (z +
1L,y + 1), over F' = F,(x,y). The classes ¥ and z + 1 are Fj,-independent
in F/p(F) because 1 ¢ o(F) (an Artin-Schreier equation t? —¢ = 1 has
no solution in F' by degree considerations). The tensor product A @ B is a
C, x C,, crossed product with maximal subfield K = F(p~!(x), o~ (x+1)) of
degree p?. This illustrates case (C2) of Theorem the algebra A®p B has
independent Artin-Schreier parameters and is a degree-p? p-algebra, hence a
crossed product.

Example 6.2 (Dependent generators). Take A = (z,y), and B = (z,y+1),
over F' = Fp(z,y). The left slots coincide: both are z. By bilinearity,
[A] + [B] = [(z,y(y + 1)),], so ind(A @ B) < p. The underlying division
algebra is cyclic of degree p, and A ®r B is a matrix algebra over it. This
illustrates case (C3) of Theorem [1.1} the algebra A ®p B has dependent
Artin—Schreier parameters and index < p, hence is a matrix algebra over a
cyclic division algebra and a crossed product.
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