ROST KERNEL OF DECOMPOSABLE DIVISION
ALGEBRAS OVER COMPLETE DISCRETE VALUATION
FIELDS

XIN LIU AND ZHENGYAO WU

ABSTRACT. Let p be an odd prime, F' a complete DVF of characteristic
0 with pp C F, and D ~ (a1,b1)r ®r (a2,b2)r a decomposable central
division algebra of index p® and period p. We prove a rank barrier:
rank(®) = 2 = ind(D) < p, hence ind(D) = p* = rank(®) > 3. We
establish an inclusion chain N C S, N C U+, U+ C R with dimension
formula dim N =dr —2+k—tand U™ = N <= t—k = rank(®) — 2
(assuming dim F*/F*P < oo). Over HDVF: U+ = {0} uncondition-
ally in mixed/ramified cases; in the unramified case with H?(K) = 0,
Rost(D)/F*? = H' (K, up).

1. INTRODUCTION

Rost constructed his invariant before December 1992 [2, p. 98], as a gener-
ator of the cyclic group of degree 3 cohomological invariants of an algebraic
group. [I, B.11] provided the first geometric realization. We are interested in
Rost invariants of absolutely simple, simply connected groups of inner type
An.

For a central division algebra D over a field F' of characteristic 0 contain-
ing jip, the Rost invariant is the normalized map rgr, (py: £/ Nrd(D*) —
H3(F, u$?), aNrd(D*) ~ (a) U [D], defined in [2, 2.2] (see Section [2 for
the precise definition). Its kernel Rost(D) = {A € F* : (A\) U [D] = 0}
is the Rost kernel. The Suslin group, introduced by Merkurjev [7, §1],
is Suslin(D) = HilperDNrd((D@)i)X)i (Definition ; when per(D) = p,
Suslin(D) = Nrd(D*)F*P. The general goal is to determine the structure of
ker(rsr,,(py). If G is a simply connected group, then ker(rg) ~ AN(Ye, Ko)
by [2, p.128, 9.6]; we focus on G = SLy(D).

When char F' t per D, the Rost kernel admits a geometric description
Rost(D) = im(¢t: H(SB(D), K») — F*) [T, p.323, after 1.5], and Merkur-
jev [T, §1, 1.6] proves

Suslin(D) = im(K;(SB(D))Y — H'(SB(D), K3) & F*),

where K1 (SB(D)) is the coniveau-1 K;-subgroup. Therefore, the structure
of ker(rgr,, (p)) = Rost(D)/ Nrd(D*) depends on the filtration

Nrd(D*) C Suslin(D) C Rost(D) C F*.

For the generic decomposable algebra D ~ (a1,t1)r ®F (ag,t2)p over
F = k(t1,t2), Merkurjev [T, Prop.2.5] computed Rost(D)/Suslin(D) =
{a1,a3}*/N. [5, Th.1.7] proved Rost(D) = Suslin(D) over henselian DVF
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with residue cohomological dimension < 2. For a non-generic algebra of de-
composable type, these equalities require additional hypotheses. We prove
that R = U*' is false in the unramified HDVF case with H3(K) = 0
(Remark ; in the ramified HDVF case and over general fields with
rank(®) > 3 it remains open.

Main results. Let p be an odd prime. Let F' be a field of characteristic 0
containing a primitive p-th root of unity (,. Let

(a,b)p = F(z,y | 2P = a, y¥ = b, yr = Gay)

denote a cyclic algebra of degree p for a,b € F*.
For the classes (a1), (a2) € H'(F, u,), we write the orthogonal complement

{a1,a2}" := {v € HY(F,pp) : vU (a1) =vU (az) =0},

with respect to the cup product U: HY(F, pu,) x HY(F, p,) — H2(F, pp).

Let D ~ (a1,b1)r ®F (a2,b2)r with ind(D) = p? and per(D) = p. Set
By == F(al'?), By == F(a)/?), E = F(al/?,a}/"). The Hochschild Serre
spectral sequence for F/F provides cohomological invariants

inf

k := dimker(H*(Gal(E/F), p,) ~— H*(F, 1)),

t = dim HYGal(E/F), H'(E, p)),
satisfying t > k. We now state the main results.

Theorem 1.1 (Rank barrier). Let p be an odd prime, F a field of charac-
teristic O containing pi,, and ay,az € F* with (a1) U (a2) # 0 in H2(F, up).
Define ®(v) = (vUaj,vUag). If rank(®) = 2, then any decomposable
algebra D ~ (a1,b1)r ®F (a2,b2)F satisfies ind(D) < p, and consequently
ind(D) = p? = rank(®) > 3.

Theorem 1.2 (Dimension formulas). Let p be an odd prime, F a field of
characteristic 0 with p, C F, and D ~ (a1,b1)r ®p (a2, b2)p with ind(D) =
p?, per(D) = p, (a1) U (a2) # 0, and dimg, F*/F*? < co. Set N :=
cor(HY(E, 1)), UL := {a1,a2}*, r := rank(®), R := Rost(D)/F*?, S :=
Suslin(D)/F*P. Then N CU*, dimN =dp —2+k —t, dimU+ = dp —r,
N=U' < t—k=r—2, and ind(D) = p> = r > 3.

For henselian discrete valuation fields, the residue map deals with ramifi-
cation of Brauer classes, but it had not been systematically applied to the
Si:lsltrf(DD)) [5, Th.1.7] proved Rost(D) = Suslin(D) over henselian
DVF with cd,(K) < 2. The next theorem relaxes this: we assume only
H3(K, 13?) = 0 (a weaker hypothesis, see Remark and compute Rost(D)/F*P
unconditionally, with the full quotient Rost(D)/ Suslin(D) conditional on
S =N.

quotient

Theorem 1.3. Let p be an odd prime, F' a complete DVFE with residue field
K (char K # p), u, C F, uniformizert. Let D ~ (a1,b1)r ®p (az, b2) p with
ind(D) = p?, per(D) = p, and (a1) U (a2) # 0. Let v: F*/F*P — T, be the
valuation mod p.
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(i) (Mived/ramified.) Ifv(ai) # 0 orv(az) # 0, then U+ = {0}, N = {0},
and rank(®) > 3 (no finite-dimension hypothesis needed).

(it) (Unramified.) If v(a1) = v(az) = 0, A([D]) = 0, H*(K, u$?) = 0,
and S = N, then Rost(D)/ Suslin(D) = H' (K, up) /Ng, /i (ES ) K*P.
Quantitative dimension formulas for this quotient require dimg, F*/F*P <

oo (Corollary[3.13).
(Part (i) is Theorem[3.2; part (ii) follows from Theorems|[3.9 and[3.13)

In the unramified case, the computation of Rost(D)/F*P in Theorem
uses the residue isomorphism directly and does not require R = UL. By
contrast, the formula Rost(D)/ Suslin(D) = U+ /N would follow from R =
U+ and S = N; the former is known to be false in the unramified HDVF
setting (Remark . The paper thus provides two independent routes
to the Rost-Suslin quotient, one conditional on R = U~ and the other
unconditional (in the unramified HDVF case).

Structure of the paper. Section [2] fixes notation, proves the rank barrier
and the Hochschild-Serre dimension formulas over arbitrary fields. Section
specialises to henselian DVF with char K' # p: ramified cases are settled
unconditionally (U+ = {0}), while the unramified case is treated via the
H? residue map. Section [4] analyses the lower obstruction in the unramified
case. Section [5| summarises the classification and collects open problems.
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2. PRELIMINARIES

2.1. Kummer theory. Let p be an odd prime and F' a field of characteristic
0 containing a primitive p-th root of unity (,. The Kummer isomorphism
identifies

FY/F 5 BY(F, ), avs (a)
and the Merkurjev—Suslin theorem [§] identifies

» Br(F) := Br(F)[p| = H*(F, ).
The cup product

U: Hl(Fuu‘p) x HI(F’:U‘;D) - HZ(FMU’IJ)

is alternating. For a cyclic algebra (a,b)r, [(a,b)r] = (a) U (b) € H*(F, uyp).
Write dp := dimg, ["*/F*? and radp := {z € F*/F*P :x Uy = 0 Vy}.
Remark 2.1. The dimension formulas in Sections 2—4 (involving dp, d,
and the Hochschild-Serre invariants) assume dp := dimg, F*/F*P < oo.

The rank barrier (Theorem and the vanishing U+ = {0} (Lemma
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do not require this hypothesis. The assumption dr < oo holds, for instance,
when F' is a henselian DVF whose residue field K satisfies dimg, K/ K*P <
oo (then dp = dg +1).

2.2. Rost invariant, Rost kernel, and Suslin group.

Definition 2.1 (Rost invariant of SL;(D)). Let F' be a field of characteristic
0 containing p,. Let D be a central division algebra over F. The Rost
invariant is the normalized map [2} 2.2]

rsiy(py: FX/ Ned(D™) — H3(F, u2?), aNrd(D*) — (a) U[D],

where (a) € H(F, 1) via Kummer theory, [D] € H?(F,pu,) & , Br(F) via
Merkurjev—Suslin, and U is the usual cup product. The invariant is normal-
ized so that im(rg,(py) C H?(F, p$?) [2, 11.5]. (For the general definition
over arbitrary characteristic, see [2, 2.2]; this paper works exclusively in
characteristic 0.)

Definition 2.2 (Rost kernel). after [7, p.326, 1.10]. Let F be a field of
characteristic 0 containing p,. Let D be a central division algebra over F'
Define the Rost kernel of D as

Rost(D) := {\ € F* : (\)U[D] =0 in H*(F, u3?)}.
When char F' { per D, the Rost invariant is the image of an injection
Rost(D) = im(t: H (SB(D), K3) — F*)

where H'(SB(D), K>) is the first Zariski cohomology of the Milnor K5 sheaf
on the Severi-Brauer variety SB(D) by [7, p323, after 1.5].

Definition 2.3 (Suslin group). after [7, p.324, Rem|. Let F' be a field.
Let D be a central division algebra over F'. For each positive integer ¢, let
D® = D®p---®p D (i times). The Suslin group of D is the subgroup of
F*.
Suslin(D) := [ Nrd((D®)*),
i|per D

Specifically, Suslin(D) is the subgroup of F'* generated (as a multiplicative
group) by all elements of the form Nrd(z)® with z € (D®)* and i | per D (the
product in Definition is a product of subgroups, not a Cartesian product).
The quotient S := Suslin(D)/F*P is well defined because F*P C Suslin(D)

(Remark [2.2)).
Remark 2.2. When per(D) = p, the factor ¢ = p contributes Nrd((D®P)*)P.

Since D®P = M,»(F') is split, its reduced norm is the determinant, which is

surjective onto F*; hence Nrd((D®P)*)P = F*P. Thus F*P C Suslin(D) for
every central simple algebra of period p, and in fact Suslin(D) = Nrd(D*)F*P
(since the ¢ = 1 factor contributes Nrd(D*) and the i = p factor contributes
F*P).

2.3. Setup for the Decomposable Case. Assume D = (ay,b1)p ®p
(a2,b2)p with ind(D) = p? and per(D) = p. Set E; := F(ai/p) (1=1,2)
and F := E1FEy = F(ai/p,aé/p). From ind(D) = p? we have Gal(E/F) =
Cp x Cp. We assume throughout

(1) (a1) U (az) # 0 in H*(F, ),
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i.e. the cyclic algebra (a;,as)r is not split. This does not follow from
ind(D) = p? alone.

Let res : HY(F, pu,) — HY(E, pip) and cor : HY(E, p,) — H(F, ) be the
restriction and corestriction. Under the Kummer isomorphisms F*/F*P =
HY(F,pp) and EX/E*P = HY(E, ui,), the restriction res corresponds to the
natural inclusion and the corestriction cor corresponds to the norm Ng/p
modulo p-th powers [9, Prop.3.4.10]. Since E//F is a finite extension, dg <
oo follows from dp < oo (see Remark . The projection formula [9)
Prop. 3.4.10] reads

(2)  cor(a) U S = cor(aUres(S)), a€ HYE, ), B € H'(F, ).

Merkurjev—Suslin [8] gives cor(HY(E;, pp)) = {v € HY(F,pp) : v U (a;) =
0}. Hence by Lemma
(3)
cor(HY(E, j1p)) € {v € HY(F,pp) : vU (a1) = vU (ag) = 0} =: {ay, az}*.

Lemma 2.3. The following hold unconditionally (only (1) is required): res |y, 4,3+
is injective, UNU* = {0}, and rank(®) > 2. If in addition dimg, H'(F, ) <

oo, then dim{ay, a2} = dp — rank(®) where ®: HY(F, pu,) — H?(F, up)?,

®(v) = (vU(a1), vU (a2)).

Proof. For injectivity: if v € UL := {a1,a2}" and res(v) = 0, then v €
UNUL. Write v = cra1 + caas with ¢1, ¢ € F,. From v U (a1) = 0 we get
¢ (a1) U (az) = 0, hence ¢y = 0 by ()); similarly ¢; = 0. Thus v = 0, proving
UNU* = {0} and the injectivity of res |, ..

For the dimension: dim U+ = dp —rank(®) by definition. If ¢;®; +co®y =
0 as functionals on H'(F, p,), then for every v, 0 = ¢1®;(v) + ca®a(v) =
c1(vUar)+eca(vUaz) = vU(crar + c2ag). Thus cjag + cgag € radp. Cupping
with a; and as as above forces ¢; = co = 0; hence ®1, P9 are linearly
independent and rank(®) > 2. The exact value of rank(®) depends on the
field F': for sufficiently non-degenerate cup products one has rank(®) = 2,
but over HDVFs in the unramified case the rank is 3 (see Remark . (]

Proof of Theorem[I.]. Since rank(®) = 2 and ®(a1) = (0,h), P(az) =
(—h,0) where h := (a1)U(az2) # 0, the image of ® is spanned by these two ele-
ments. By Lemma UNU*+ = {0} and dim U = 2. Since rank(®) = 2, the
quotient V/U+ = im ® has dimension 2. The composition U < V — V/U+
is injective (because U N U+ = {0}) between two vector spaces of the same
finite dimension 2, hence an isomorphism. Therefore V =U @ U+,

Write b; = u; + w; with u; € U, w; € UL (i = 1,2). By alternativity

of the cup product and the definition of Ult, ey Uw; = —wy Uap = 0,
aoUwy = —wogUag =0,a; Uwy = —waUa; =0, aoUw; = —wi; Uag = 0.
Therefore

[D] = (al) U (U1 + ’wl) + (CLQ) U (UQ + wz) = (al) Uui + (ag) U us.

Since ui, us € U = (a1, a2), each term (a;)Uu; is a multiple of b = (a1)U(a2).
Thus [D] € (h).

The non-zero elements of (h) are represented by the degree-p cyclic algebra
(a1, a2)F and its powers, all of which have index at most p. Hence ind(D) <
p. O
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Remark 2.4. As noted in Theorem ind(D) = p? forces rank(®) > 3;
the equality R = U~ is open when rank(®) > 3 (Remark .

Remarks on the proof. (i) The proof uses only the bilinearity and al-
ternating property of the cup product, which hold for the Milnor symbol in
arbitrary characteristic [3, Chap. 7]. Hence the rank barrier is characteristic-
independent. (ii) The proof does not require dim F*/F*P < oo (only that
im(®) has finite dimension 2, which follows from rank(®) = 2).

Lemma 2.5 (Easy inclusion). Ng,p(E*)F*P C Ng ,p(E)F*PONg, p(Ey ) F*P.
P?”OOf. NE/F:NEl/FONE/EZ O

2.4. Structure of the Rost Kernel for the Decomposable Case. Let
V = HYF, pp) &2 F*/F*P. Set U = (a1,a2) = ker(res: V. — HY(E, u,))
and Ut := {a1,a2}t = {v € V:vU(a1) = v U (az) = 0}. Define

R :=TRost(D)/F*P, S :=Suslin(D)/F*?, N :=cor(H (E,up)).

By Merkurjev-—Suslin [8], N; := cor(H*(E;,up)) = {v € V : v U (a;) = 0}.
By Lemma[2.5) N € Nyn Ny = UL

Lemma 2.6 (Basic inclusions). For the decomposable case with ind(D) = p?,

per(D) = p and (1)):
(i) N C S (the field E is a maximal subfield of D, hence Ng/p(E*) C
Nrd(D*));
(ii) N C UL (the projection formula, as in (3));
(i5i) U+ C R (ifvU(a1) =vU(ag) =0 thenvU[D] = v U (a1) U (b1) +v U
(a2) U (b2) = 0).

Proof. (i) The extension E = F(ai/p, a;/p) splits D (both aj, as become p-
th powers in E, so each cyclic factor (a;, b;)F splits over E) and [E : F] =
p? = ind(D). By the Kothe theorem (every splitting field of degree equal
to the index embeds as a maximal subfield; see [10, Theorem 3.3.8] or [3|
Theorem 7.5.11]), E is isomorphic to a maximal subfield of D. For z in
that maximal subfield, Nrdp(r) = Ng,p(x); hence Ng/p(E*) C Nrd(D>).
Taking the quotient by F*P gives N C S. (ii) For z € E*, cor((z)) U (a;) =
cor((x) Ures(a;)) = cor(0) = 0, since res(a;) = 0 in HY(E,pp,). (iii) If
vU(a1) =vU(az) =0, then vU[D]=0U (by) +0U(b2) =0,s0v € R. O
Remark 2.7. In the unramified HDVF case, the tame symbol gives each
map v + v U (a;) an image of dimension up to 2 (one from H!(K), one
from the ramified direction (¢)). When the two images are independent,
rank(®) = 3 and dim U+ = dg — 2; when they coincide, rank(®) = 2 and
dim U+ = dg — 1. For g-adic local fields (q # p, pp C K), dim HY(K) = 2

and a Zariski-open set of pairs (aj,a2) gives rank(®) = 3. Theorem
excludes rank(®) = 2 when ind(D) = p?.

Thus the subgroups of V obey
(4) NCS, NcUt Ut CR,

while S and U' need not be comparable a priori.
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The paper [7] computes R = Ut and S = N for the generic algebra
T = A¢(ar,t1) @ A¢(ag, ta) over F' = k(ty,t2) with indeterminates 1,3, via
the specialisation argument in [7, Prop.2.5]. For a non-generic algebra D,
these equalities require additional hypotheses. We isolate them explicitly.

Definition 2.4. The algebra D is called Suslin-norm equalised (with respect
to E/F) if Nrd(D*)F*P = NE/F(EX)FXP, ie. S=N.

Remark 2.8. The equality R = U™ is a natural desideratum: together
with Suslin-norm equalisation (S = N) it would give Rost(D)/ Suslin(D) =
UL/N. The only known proof that R = U™ requires rank(®) = 2 (one
decomposes V = U @ U+ and analyses Ve as in [7, Prop.2.5]), but
Theorem shows this hypothesis is incompatible with ind(D) = p?. For
rank(®) > 3, the equality R = U™ is false in general: in the unramified
HDVF case with H3(K) = 0, Theorem gives R = HY(K,p,) 2 Ut
(Remark . In the ramified HDVF case the question remains open. In
the unramified HDVF case, Theorem circumvents this by computing R
directly via the residue isomorphism, without using R = U~.

Remark 2.9. Hypothesis (1f) ((a1) U (a2) # 0) is used throughout: it forces
UNUt = {0} (Lemma and rank(®) > 2. The injectivity of res|y .
(Lemma is used in the Hochschild—Serre computation below to identify
dim N with dimres(N); this step is independent of the value of rank(®). The
direct-sum decomposition V = U @ U+ requires the additional hypothesis
rank(®) = 2, which Theorem shows is incompatible with ind(D) = p?.
The Hochschild—Serre dimension formula dim N = dp — 2 + k& — t does not
require V = U @ U+ and remains valid for all rank(®) > 2.

2.5. Hochschild—Serre exact sequence. For the Galois extension E/F,
the 5-term Hochschild-Serre sequence (with coefficients ), trivial action)
reads [4]

(5) 0— HYGal(E/F), up) — H'(F,pp) > H'(E, ) E/)
2y HY(Gal(E/F), ) 5 HA(F, py).

Here H(Gal(E/F), puy) = F2, generated by the Kummer classes of ay, ay.
Define
(6) k := dim ker(H(Gal(E/F), 1) 5 H?(F, 1p)).
The cohomology ring H*(C), x Cp,Fp) = Fplz1, 2] ® A(y1,y2) (degy; = 1,
deg x; = 2) gives dim H*(Gal(E/F), up,) = 3 with basis {1, 22, y1y2}. Under
Kummer isomorphisms, y1y2 — (a1) U (a2) # 0 by (1), so y1y2 ¢ ker(inf)
and k € {0,1,2}. From exactness,
(7) dim HY(E, p,) S EE) = dp — 2 4 k.

Let Ng : H\(E, Ip)Gal(E/F) — Hl(E,,up)Gal(E/F) be the norm map on
coinvariants, induced by N = > geGal(g/F) 9- Define
(8) t := dim coker(Ng) = dim H*(Gal(E/F), H'(E, u)).

Then res o cor equals the algebraic norm, which factors through the coinvari-
ants as Ng; hence Ng(H'(E, j1p)caie/p)) = res(cor(H(E, pmp))). By (3),
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cor(HY(E, up)) C {a1,a2}*; by Lemma res |{q, a;) L 18 injective. Hence
dim Ng(HY(E, p1p) Gai(/ry) = dim cor (H*(

HY(E, ) Gai(y )~ HY(E, ) P 5 AO(Gal(E/F), H(E, ) — 0
we have
(9)  dimcor(HY(E, pip)) = dim HY(E, p,) S E/F) _p —dpp — 24k —t.

Proof of Theorem[1.2 In the setting of Lemma., 2.6] let N := cor(HY(E, u1p)),
Ut = {a1,a2}t, r := rank(®), and k,t as in (6)—(§ 9 From (9) we have
dim N =dp — 2+ k —t, and from Lemma - dlm dr — r. Hence

N=U! <= t—k=r—-2, t>k+(r—2).
If moreover R = U (open in the ramified case when r > 3; Remark and
S = N (Definition [2.4), then Rost(D)/Suslin(D) = U+/N and Rost(D) =
Suslin(D) <= N=U' <= t—k=r—-2. By Theorem r > 3 when
ind(D) =p?,sot—k=r—2>1andt > k. O

E, up)), and from

Remark 2.10. For the generic algebra Merkurjev [7, Prop. 2.5] proves R =
U+ and S = N. For non-generic algebras the unconditional content is the
inclusion chain (Lemma [2.6) . and dim N = dp — 2+ k — ¢ (Theorem |1 ;
R=U"' and S = N are not known in general (Remark .

Corollary 2.11. From dim N < dimU* (since N C Ut) and dim N =
dp—2+k—t, dimU* = dp—r, we obtaint > k+(r—2). When ind(D) = p?,
Theorem [1.1] gives r > 3, hence t > k + 1.

3. THE DECOMPOSABLE CASE OVER HENSELIAN DISCRETE VALUATION
FiELDS

3.1. Tame symbol and classification. Let F' be a henselian DVF with
residue field K, char(K) # p, pp C K, and uniformizer ¢ (for instance,
the reader may take F' = K((t))). The tame symbol exact sequence [3],
Cor.6.4.4] is etated for complete DVF; it extends to henselian DVF because
Br(F) = Br(F) where F is the e completion [3, Prop.6.4.5], and the residue
field K is the same for F and F.

Warning on H? residues. The H? tame symbol extends to the henselian
case via completion, but the residue map d3 on H3(F, ,u,gw) used in Theo-

rems and requires F' to be complete. The mixed/ramified results
(Lemma Theorem use only the H? tame symbol and are valid over

any henselian DVF. The tame symbol for F' is defined via the completion F:
~ -~ 7]
0: H*(F,pp) = H*(F, pp) = H' (K, pip).
Explicitly,
O((2) U (1)) = (~1)1 0 iy (o),
For odd p the sign (—1)"®¥®) = 41 lies in K*P whenever v(z)v(y) = 0
(mod p); in the intersection computation of Lemma [3.1] E the final condition

forces v(x) =0 (mod p), hence the sign is trivial. We retain the sign in the
formula for completeness. The exact sequence

o
(10) 0 — H*(K, pp) — H*(F,pp) = H' (K, 1)
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is then valid for the henselian DVF F'. The valuation exact sequence is

(11) 0= H'(K, ) — H'(F, 1) "2 F, 5 0,
so dp = di + 1 where df := dimp, HY(K, up).

Let a1, as be the Kummer generators of the decomposable case. We clas-
sify them by valuation:

e Mixed: v(ay) =1, v(az) = 0.

e Ramified: v(a;) = v(ag) = 1, a1 # a2 in H'(K,pp). (If G = ao,
then a1 /ay € F*P after adjusting by a unit, forcing (aj, az)p to split,
contradicting (1]).)

e Unramified: v(a;) = v(az2) =0 (a1,a2 € K*).

3.2. Ramified cases.

Lemma 3.1. In the mized and ramified cases over a henselian DVF, {ay,as}* =
{0}

Proof. By Merkurjev—Suslin [8], N; := cor(H(E;, pp)) = {v € V 1 vU(a;) =
0}. Hence U+ = NyNNy. For v € Nj, the condition vU(a;) = 0 in H2(F, )
implies (v U (a;)) = 0; hence N; C ker d((a;) U —). Using the tame symbol
formula with sign 9((a) U (b)) = (—1)v(@v(®)qv®)p—v(a) [3] Cor. 6.4.4]:

o Mived case (a1 = tu, ag = ¢ € K*\ K*P): for x = t*z, 9((a1)Uz) =
(—=D*aFz=1, 9((az)ur) = &*. From 9((ag)Uz) = 0 we obtain ¢* = 1,
hence k = 0 (mod p). Replacing x by its valuation-0 representative
T (since t* € F*P when p | k), the sign becomes (—1)® = 1 and
0((a1)Uz) =z~ !. Thus z =1 in K*/K*P, and the intersection is
{0}.

e Ramified case (a1 = tu, az = tv, u # v): ((a1) Uz) = (—1)kaFz1,
O((az) Ux) = (=1)kokz=1. Setting both to 1 gives (—1)*a* = z
(—1)*%*; the sign (—1)* cancels, yielding @* = o*. If k 0 (mod p),
then @ = o* implies (@/v)¥ = 1; since 9((a1) U (az)) = —u/v # 1
(Merkurjev—Suslin) and @/v has order p, this forces K = 0 (mod p),
contradiction. Hence £ = 0 (mod p), and replacing x by Z as above
gives T = 1. Thus the intersection is {0}.

Therefore N1 N Ny C {0}, giving U+ = {0}. O

Theorem 3.2. In the mized and ramified cases over a henselian DVF, U+ =
{0}, N = {0}, and rank(®) > 3.

Remark 3.3. Since U+ C R, we have {0} C R; the reverse inclusion R C
U+ (hence Rost(D) = Suslin(D)) is open for dx > 2 (Remark .

Remark 3.4. Lemma shows U+ = {0} in the mixed and ramified cases.
When dp < oo, Lemma gives dimU~+ = dp — rank(®), hence dp =
rank(®); together with dp = dx + 1 we obtain rank(®) = dx + 1. Thus
rank(®) is determined by the residue field dimension dg: dx = 1 gives
rank(®) = 2, while dg > 2 forces rank(®) > 3. However, by Theorem [1.1
rank(®) = 2 forces ind(D) < p for any decomposable algebra; therefore the
case dg = 1 cannot occur when ind(D) = p?. In the setting of this paper
we must have dg > 2 and rank(®) > 3.
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Proposition 3.5. In the mized and ramified cases with dx > 2 (the case
di = 1 being excluded by Theorem |1.1), we have U+ = {0} and N = {0}
unconditionally. The Suslin-norm equalisation condition S = N is equivalent
to S = {0}, i.e. Suslin(D) = F*P. Whether this holds for specific residue
fields K with di > 2 is not resolved here. For q-adic local fields (q # p) one
has Nrd(D*) = F* for any central division algebra D by Hasse—Schilling,
hence Suslin(D) = F*; however such fields do not support algebras of index

p? and period p (Remark .

Proposition 3.6. Assume F = K((t)) (as in §33). In the unramified
case with by, by € K* (which is automatic after adjusting by F*P, as ar-
gued before Theorem , the Suslin-norm equalisation condition for D over
F is equivalent to the corresponding condition for the residue algebra D =
(al, bl)K RK (CLQ, bg)K over K:

Nrd(D™)K™*P = Ng, i (B ) K*?,

i.e. the B2 condition for D over K. However, verifying that either side
holds for a given residue field K is an open problem in general (Remm’k.
Thus the reduction provided by this proposition does not by itself resolve the
Suslin-norm equalisation question.

Proof. Since D is inertial (unramified), D = D ®k F as F-algebras. For
d € D* c DX, the reduced norm satisfies Nrdp(d) = Nrdp(d) (inflated
from K). Conversely, every z € D* can be written as x = t"-d- (1+z) where
t is a uniformizer of F, r = vp(x), d € D, and z € mp (since D is inertial,
vp(D*) = Z and the residue of t~"z lies in D™). By [11, Corollary 11.19],
Nrdp(1 + mp) = 1 + mp. Since char K # p, Hensel’s lemma applied to
XP—(1+m) (m € mp) gives 1 + mp C F*P; hence the contribution of
14+ mp disappears modulo F*P. Moreover, for any z € D*, vp(Nrdp(x)) =
ind(D) - vp(z) € p?Z by |11, Proposition 1.5(i)], so Nrdp(D>) contains no
element of valuation p modulo p-th powers. Hence, modulo F*P the uni-
formiser t contributes nothing and Suslin(D)/F*P = Nrdﬁ(ﬁX)K xPJK*P
(as subspaces of HY(K, u,) C H*(F, p1p)), while cor(H*(E, 1)) intersected
with H'(K) equals Ng, /x(Eg)K*?/K*? by Theorem . The equality
S = N over F is therefore exactly the B2 condition over K. O

Remark 3.7. For the unramified decomposable case to be non-vacuous,
the residue field K must satisfy simultaneously: (i) H*(K, p5?) = 0 (which
holds when cd,(K) < 2); (ii) existence of a decomposable division algebra
of index p? and period p over K. Number fields and g¢-adic local fields
satisfy (i) but not (ii), since per = ind for all Brauer classes over these fields.
Function fields of transcendence degree 2 over algebraically closed fields (e.g.
K = C(w,y)) satisfy H3(K) = 0 and support the required algebras (for
p = 2, the biquaternion algebra (z,y)®(z+1, zy) over C(x,y) has index 4 and
period 2; for odd p, see [7, Cor. 2.9]). Theorem applies to this example
unconditionally (it does not require dim K*/K*P < oo0). The dimension
formulas (Theorem [1.2] Corollaries require dr < oo and are not
applicable to this example. We also note a necessary condition for the finite-
dimensional case: if dim K*/K*P < 3 then every element of ,Br(K) =
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KM(K)/p = A*(K*/K*P) is a symbol (for d < 2, A% has dimension < 1; for
d = 3, all bivectors are decomposable). Hence any algebra over K has index
< p, contradicting (ii). Therefore any candidate residue field must satisfy
dim K*/K*P > 4.

Notwithstanding the conditional nature of the finite-dimensional hypothe-
ses, the structural analysis of Theorem has independent value: it identi-
fies exactly which cohomological invariants control the Rost—Suslin quotient
(the B2 quotient, the space H'(K)/U~, and Suslin-norm equalisation), and
the dimension formula ¢t — k 4+ 1 expresses their relative sizes in terms of the
Hochschild-Serre invariants of E/F.

3.3. Unramified case. In this subsection we assume F' = K((t)) (or more
generally, F' contains a coefficient field lifting K, so that K * embeds into F'*
and every unramified division algebra over F is of the form D ® F). This
ensures that the inertial decomposition D = D ®f F and the embedding
HY(K, pp) < HY(F, j1,) are available.

Now ay,as € K* with (a1,a2)x not split. Set Fy := K(a}/p,aé/p), SO
B = Eo((1).

Lemma 3.8. For a; € KX\ K*P and A € HY(F, ), if (a;) UX = 0 then
v(\) =0 (mod p). Modifying by F*P, we may assume X\ € H* (K, ), and
(ai) UX =0 in H*(F, up) iff (a;) UN =0 in H*(K, ).

Proof. The tame symbol 9((a;) UX) = Ez?(/\) [3, Cor.6.4.4]. If (a;) UXA = 0, its
tame symbol vanishes, so df(’\) = 1. Since a; has order p, v(A) =0 (mod p).
Multiplying by t# € F*P, we may assume v(\) = 0, i.e. A\ € HY(K, pp).
Then (a;, \)p is the unramified cyclic algebra inflated from K, and its class
vanishes in H?(F, u,) iff it vanishes in H?(K, u,) [3, §6.4]. O

In the unramified case, we assume in addition that the Brauer class [D] is
unramified, i.e. 9([D]) = 0 in H*(K, up). (This is a non-trivial restriction:
v(a1) = v(az) = 0 alone does not guarantee that D is unramified, as by or by
may be ramified.) When 9(|D]) = 0, the formula 9([D]) = v(b1)a; + v(b2)asz
holds. Since v(a1) = v(az) = 0, the class (a;) U (az) inflates from H?(K, up);
by it is non-zero, so @1, as are linearly independent in H'(K, j,) (oth-
erwise their cup product would vanish by alternativity). Hence 9([D]) = 0
forces v(b1) = v(b2) = 0 (mod p). Hence, after adjusting by, be by F*P  we
may assume by, by € K*. Thus [D] € H?(K, p,) is inflated from K.

For the next two theorems we assume F' = K ((t)) (a complete DVF with
coefficient field K). Completeness is required for the residue map d3 on
H?; the coefficient field ensures the embedding K* < F* and the inertial
decomposition D =2 D @ F for unramified algebras.

Theorem 3.9. Let F' be a complete DVFE with residue field K (char(K) # p,
pp C K, H3(K,p5?) = 0). Let D ~ (a1,b1)r ®F (a2,b2)r satisfy v(a1) =
v(az) =0, A([D]) =0, ind(D) = p?, per(D) = p, and (a1) U (az) # 0. Then

Rost(D)/F*? = HY(K, j1p).

This theorem does not require dim F* /F*P < co.
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Proof. As argued above, the hypothesis ind(D) = p? and (a1) U (az) # 0
force by, by € K* after adjusting by F*P; consequently [D] € H?*(K, p,) C
H?(F, pp) is inflated from K.

Let A\ € HY(F, ) and write A = ¢\ with & = v(\) mod p and \ €
HY(K, 1) (using the decomposition H*(F, u,) & H* (K, yi,) © Fp). Then

AUD]=k-(t)U[D]+ (N U[D] in H*(F,p5?),

where (t) denotes the Kummer class of the uniformiser. Since [D] is in-
flated from K, the residue map 83: H*(F, u3?) — H?(K, p,) fits into the

exact sequence 0 — H? (K, u?) — H3(F, u?) G, H?(K, up) [3, Cor.6.8.3]
and satisfies J3(m U o) = ax for any uniformizer 7 and any class a €
H?(F,p,) inflated from K, where ax € H?(K,u,) denotes the residue
class [3, Prop. 6.8.4|. Taking = = (¢) (the Kummer class of the uniformiser)
and a = [D] gives 03((t) U [D]) = [D]k, the class of [D] in Br(K)[p]; and
03((A\) U [D]) = 0 (because (M) U [D] is inflated from H3(K, ;Lf?z), which
vanishes by hypothesis). Hence

O3(AU[D)) = k- [D]gx in H*(K, up).

Since H*(K, u$?) = 0, the residue 9 is injective H3(F, u$?) < H?(K, ).
Thus AU [D] = 0 in H3(F) if and only if k - [D]x = 0 in H?(K). Because
ind(D) = p?, the class [D]x € Br(K)[p] is non-zero, so k - [D]x = 0 forces
k=0 (mod p).

Therefore Rost(D)/F*P = {\ € H'(F,pp) : v(A\) =0} = HY(K, pp). O

Remark 3.10. Theoremshows that in the unramified case with H? (K, u$?) =
0, Rost(D)/F*? = H'(K,u,). By Lemma U+ € HY(K,p,). The
hypothesis (a1) U (az) # 0 implies a; ¢ U~ (since a; U ag # 0) while

a1 € HY(K,p,) = R; hence R 2 U+ strictly, without any finite-dimension
hypothesis. The unramified HDVF case with H3(K) = 0 thus provides a
counterezample to the equality R = U~L: the “open problem” of Remark

is therefore false in this regime.

Remark 3.11. The hypothesis H*(K, p5?) = 0 is weaker than cd,(K) < 2:
the latter implies the former, but the converse requires control of all twisted
p-torsion sheaves. We use H?>(K) = 0 throughout; the condition cd,(K) < 2
is mentioned only for readers familiar with the cohomological dimension
formulation. However, an additional constraint applies in the unramified
decomposable case: the residue field K must support a division algebra
of index p? and period p (since D inflates from such an algebra over K).
Classical fields with cd,, < 2, such as number fields (Poitou-Tate) and g-adic
local fields (¢ # p), satisfy per = ind for all Brauer classes (Albert—Brauer—
Hasse—Noether theorem / local class field theory), and therefore admit no
such algebra. Function fields of transcendence degree 2 over algebraically
closed fields (e.g. K = C(x,y)) satisfy H3(K) = 0 and admit the required
algebras; however, dim K */K*? is infinite for such fields, so the dimension

formulas of this paper do not apply (see Remarks and .
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Theorem 3.12. In the unramified case, define the B2 quotient

o {UGHI(K,,U,p)2UU(CL1):’UU(CL2):O} ~ 1l
QB2 = NEO/K(EOX)KXP/KXP = U~/N.

IfH3(K,,u§’2) =0 and S = N, then

Rost(D) . HY(K,pup)

Suslin(D) ~ N
Proof. By Lemma , any A € Ut = {ay, a2} satisfies v(\) = 0 (mod p),
so after adjusting by F*P we have A\ € H'(K,puyp), and (a;) UX = 0 in
H%(F, pp) iff (a;) UX = 0 in H%(K, up). Hence UL C HY(K, p,) and the
numerator {v € H' (K, u1p) : v U (a1) = v U (ag) = 0} equals U-.

For the denominator: since E/F' is unramified, x = t"zou € E* (z¢ €
Ef, u € 14+ mpg) has norm Ng/p(z) = tp2TNEO/K(a:0) (mod F*P) by [11,
Prop. 1.5] (1-units lie in E*P by Hensel’s lemma). Since t*’" € F*P, the im-
age of N = cor(H*(E, p1p)) intersected with H' (K, ) is N, /i (ES ) K*P /[ K*P.

Now Qpz = U*t/(N N HY(K)). Theorem gives Rost(D)/F*P =
HY(K, jip) (without using Remark [2.8 or the rank(®) = 2 hypothesis). If D
is Suslin-norm equalised (S = N), then

Rost(D)/ Suslin(D) = HY (K, u,)/N = Qpax H' (K, u,) /UL (non-canonical).

=~ Qpo x HY (K, pup) /UL (non-canonical).

Since N C HY(K, ) (all norms from an unramified extension are unram-
ified), N N H'(K) = N; in the finite-dimensional setting dim H'(K)/N =
dim Qpa + dim H'(K)/U+, giving the (non-canonical) product decompo-
sition. (Note: Remark is not used here; the equality R = H'(K)
comes from the residue isomorphism in Theorem [3.9, which does not re-
quire rank(®) = 2.) In general, Lemma gives N C S and Ut C R,
hence the image of UL in R/S is U+/(U+ N S). Since N C U+ N8,
dim U+ /(UL N S) < dim Qpy; thus dim Qps is an upper bound for the U-+-
contribution to R/S, not a lower bound. U

Corollary 3.13. If H*(K, p5?) = 0, 9([D]) = 0, and D is Suslin-norm
equalised (Definition , then

Rost(D)
Suslin(D)

where k and t are the Hochschild-Serre invariants of the extension E/F de-
fined in @f. Warning: the hypotheses include the existence of a residue
field K with dim K*/K*P < oo, H3(K) = 0, and supporting a decompos-
able division algebra of index p? and period p; the existence of such fields
(or the construction of concrete examples) remains to be investigated (Re-
mark. The corollary is therefore conditional and may be vacuous for the
finite-dimensional case; Theorem[5.13 remains unconditional.

Proof. By the finite-dimensionality hypothesis (Remark , dg < oo and
dr = dxg +1 < o0o. Theorem gives Rost(D)/F*? = HY(K, pu,), of
dimension dg. Formula @ givesdim N =dp —24+k—t=dx —1+k—1.
Under Suslin-norm equalisation (S = N), Rost(D)/ Suslin(D) = H'(K)/N,
of dimension dgx — (dxg — 1+ k—t) =t —k+ 1. O

dim =t—k+1,
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4. THE LOWER OBSTRUCTION IN THE UNRAMIFIED CASE

The lower obstruction is the quotient F*P/(F*P N Nrd(D*)), which to-
gether with the upper obstruction Rost(D)/ Suslin(D) determines the full
Rost kernel via the exact sequence

Fxp Rost(D)
1— — k —
(D9 T UsLm) 7 )

We analyse it using the Jacob—Wadsworth decomposition.

4.1. General Structure over HDVFs. Let F' be a henselian DVF with
residue field K, char(K) # p, uniformiser ¢t. For any tame central division
F-algebra D, the Jacob—Wadsworth theorem [0, Theorem 5.15| provides a
decomposition in the Brauer group
[D] = [I] + [N] in Br(F),
where I is an inertial (unramified) division algebra and N is a nicely semi-
ramified (NSR) division algebra, with ind(D) = ind(I)-ind(V) and per(D) =
lem(per(I), per(N)).
The reduced norm of D can be analysed through this decomposition using
the valuation theory of Tignol-Wadsworth [11]. Recall the factorisation
FXP = P2 7P (1 + mp)?,

where (1+mp)P C Nrdp(D*) by |11, Corollary 11.19] (the reduced norm of
the principal unit group is the full principal unit group).

Remark 4.1. The lower obstruction for the ramified decomposable case re-
mains open. In the unramified case (Theorem , the valuation argument
succeeds because D is inertial: every reduced norm has valuation divisible
by p?, forcing P ¢ Nrd(D*). In the ramified case, the Jacob-Wadsworth de-
composition D 2 I ®p N mixes an inertial factor I and a nicely semiramified
factor NV; the reduced norm of a general element is not a pure tensor, and
the interaction between the two factors via non-pure-tensor terms obstructs
a straightforward filtration argument. Resolving this would require a finer
analysis of the graded reduced norm or a restriction to residue fields where
Hasse—Schilling surjectivity holds (e.g. g-adic local fields).

Theorem 4.2. In the unramified decomposable case over an HDVF with
A([D]) = 0 and by, by € K*, the lower obstruction satisfies dimg, (F*? /(F>*PN
Nrd(DX))) > 1, with the class of tP genmerating a subgroup isomorphic to
Z/pZ.

Proof. Since D is inertial, every d € D* satisfies vp(d) € Z. By [11l Propo-
sition 1.5(i)|, vr(Nrdp(d)) = ind(D) - vp(d) = p? - vp(d) € p?Z. Hence
Nrdp(D*) C {x € F* : vp(x) = 0 (mod p?)}. The element ¢ has valua-
tion p ¢ p*Z (as p < p?), so t? ¢ Nrdp(D*) while t* € F*P. Thus ¥ is
non-trivial of order p in F*P/(F*P N Nrd(D>)). O
Remark 4.3. The remaining contribution to the lower obstruction in the
unramified case comes from the residue field factor K *P/(K*P ﬁNrdﬁ(EX ))-
This is the lower obstruction of the residue algebra D over K, which is a

division algebra of decomposable type of index p? and period p over K. Its
analysis depends on K and is not pursued here.
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5. CONCLUSION AND OPEN PROBLEMS

For any central division F-algebra D of period p, the Rost kernel fits into
Fxp Rost(D)

1 k — 1.
VT N Nrd(D*) — ker(rsp, (p)) = Suslin(D) -
——
lower upper

e The upper obstruction: Lemma gives U+ = {0} uncondi-
tionally in mixed/ramified configurations, but Rost(D) = Suslin(D)
requires R = UL and S = N, which remain open for dg > 2 (The-
orem . Theorem excludes the case dg = 1. Unramified with
H3(K) = 0 gives Rost(D)/F*? = H*(K) (Theorem and the B2
quotient @pa (Theorem .

e The Suslin-norm equalisation: open in ramified cases (Proposi-
tion; for unramified cases, Propositionreduces S = N over F
to the corresponding condition for the residue algebra over K, whose
verification is open (Remark [3.7)).

e The lower obstruction (F*? C Nrd(D*)): open for the decompos-
able case over HDVF in general.

5.1. Classification table.

ramified’ unramified?
HDVF type drg > 2 H3(K)=0
UL, N = {0} (uncond.) ULt C HY(K), N = Ng, x(EJ)K*?
R/F*P open = H'(K, j1p) (Thm[3.9)

Upper (R/S) | open (requires R and S) | Qp2 @ (Z/p)™<®)—1 if § = N (Thm|3.12); else open

S-N eq. open (Prop S ={0}) open (Rem [3.7))

Lower open (Rem [4.1) > Z/pZ (Thm [4.2)

ker open open

"Mixed and ramified cases (includes mixed configurations with one rami-
fied and one unramified generator). The case dx = 1 (which would imply
rank(®) = 2) is excluded by Theorem [I.1} it forces ind(D) < p, incompati-
ble with ind(D) = p?. For dg > 2, U+ = {0} and N = {0} unconditionally
(Lemma ; the equality R = U~ is open (Remark .

'The unramified case requires a residue field K with H?(K) = 0 that sup-
ports a decomposable division algebra of index p? and period p. Number
fields and g-adic local fields are excluded (per = ind). Valid examples in-
clude function fields of surfaces over algebraically closed fields (Remark [3.7)).

To summarise: in the ramified configuration, U+ = {0} and N = {0} un-
conditionally, so the upper obstruction Rost(D)/ Suslin(D) reduces to R/S
with R unknown and S = {0} conditionally on Suslin-norm equalisation. In
the unramified configuration with H3(K) = 0, Rost(D)/F*P = H'(K, p,)
unconditionally; the B2 quotient and the dimension formula ¢t — k + 1 for
Rost(D)/ Suslin(D) are conditional on S = N. The central open prob-
lems are: (i) R = U+ in ramified HDVF configurations with rank(®) > 3;
(ii) Suslin-norm equalisation S = N in all cases; (iii) the lower obstruction in
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ramified configurations; (iv) explicit residue fields satisfying the hypotheses
of the unramified case.
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