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ABSTRACT

Artificial intelligence (AI) has demonstrated impressive progress in mathematical rea-
soning, yet its integration into the practice of mathematical research remains limited.
In this study, we investigate how the Al Mathematician (AIM) system can operate as a
research partner rather than a mere problem solver. Focusing on a challenging problem
in homogenization theory, we analyze the autonomous reasoning trajectories of AIM and
incorporate targeted human interventions to structure the discovery process. Through
iterative decomposition of the problem into tractable subgoals, selection of appropri-
ate analytical methods, and validation of intermediate results, we reveal how human
intuition and machine computation can complement one another. This collaborative
paradigm enhances the reliability, transparency, and interpretability of the resulting
proofs, while retaining human oversight for formal rigor and correctness. The approach
leads to a complete and verifiable proof, and more broadly, demonstrates how systematic
human-Al co-reasoning can advance the frontier of mathematical discovery.

1 INTRODUCTION

In recent years, artificial intelligence (Al) has made remarkable progress in mathematical reasoning,
achieving milestones once thought to be exclusive to human intelligence. In mathematical competitions,
large language models (LLMs) have demonstrated outstanding performance. For example, several LLMs
have achieved scores exceeding 90 on the AIME benchmarks (GPT, 2025; 04-, 2025; QwenTeam, 2025;
Gro, 2025), which are constructed from real American Invitational Mathematics Examination (AIME)
problems (AIM, 2025a;b), and some have even reached perfect 100-point scores (GPT, 2025; QwenTeam,
2025; Gro, 2025). Furthermore, Gemini with Deep Think has officially attained a gold-medal standard
at the 66th International Mathematical Olympiad (IMO 2025) (Luong & Lockhart, 2025), marking a
symbolic moment in the competitive mathematical performance of Al. As competition-based benchmarks
begin to approach saturation, Glazer et al. (2025) introduced FrontierMath, a challenging new evaluation
suite composed of problems crafted by expert mathematicians that typically require hours of deliberate
reasoning for experts to solve. Notably, the o4-mini-medium model (04-, 2025) has been reported to
outperform the average human team on this benchmark (Ho, 2025), underscoring the growing ability of Al
to engage with complex, research-level mathematics. Beyond competition-style problem solving, progress
has also emerged in Al-assisted mathematical discovery. Romera-Paredes et al. (2024) and Novikov et al.
(2025) demonstrate that LLMs can facilitate genuine mathematical discovery through guided program
search. Similarly, GPT-5-Thinking (GPT, 2025) has been credited with helping renowned researchers
resolve a challenging quantum computing problem (Aaronson & Witteveen, 2025). Taken together, these
developments suggest that Al is beginning to move beyond solving predefined problems toward a more
engaged role in mathematical exploration.

Despite substantial progress, a considerable gap remains between current Al capabilities and the require-
ments of genuine mathematical research. In competitive settings, such as mathematical contests, problems
are typically solved within minutes or hours. Even demanding benchmarks like FrontierMath challenge ex-
pert mathematicians for only several hours. By contrast, authentic mathematical research often unfolds over
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months or even years of sustained reasoning, conceptual innovation, and proof development. For instance,
it took more than seven years for Andrew Wiles to complete the proof of Fermat’s Last Theorem (Singh,
1997), illustrating the temporal and intellectual depth of true mathematical inquiry. In the pursuit of
mathematical discovery, existing representative Al systems are grounded in search-based paradigms that
face inherent scalability and generalization constraints. Approaches such as FunSearch (Romera-Paredes
et al., 2024) and AlphaEvolve (Novikov et al., 2025) depend on problems being formalizable in pro-
grammatic form, thereby limiting their applicability to only a subset of mathematical domains. Similarly,
AlphaGeometry (Trinh et al., 2024) and its successor AlphaGeometry2 (Chervonyi et al., 2025) focus
exclusively on geometric reasoning, leaving vast areas of mathematics unexplored. While there are cases
in which AI systems have contributed valuable insights—such as the work by Aaronson & Witteveen
(2025)—the completion and validation of proofs ultimately remain the domain of human researchers.
This highlights the current limitations of Al in conducting autonomous, creative, and deeply integrative
mathematical research.

To mitigate these limitations, this study explores the potential of more collaborative and interactive Al
systems capable of engaging in sustained reasoning and iterative refinement. We investigate the application
of AIM (Liu et al., 2025), a multi-agent framework developed for autonomous mathematical exploration
and proof generation, as a research partner in advancing mathematical inquiry. AIM harnesses the
capabilities of LLMs to iteratively formulate conjectures, verify proofs, optimize reasoning pathways and
refine proof details. By incorporating human expertise through a through several representative interaction
paradigm, the framework seeks to integrate the complementary strengths of human intuition and machine
intelligence in addressing complex, research-level mathematical problems.

In particular, we examine the use of AIM in tackling a challenge in homogenization theory, a disci-
pline concerned with characterizing the macroscopic behavior of heterogeneous materials by averaging
their microscopic properties across multiple scales. Through systematic analysis of AIM’s intermediate
reasoning trajectories and targeted human interventions, we decompose the overarching problem into
tractable subgoals, guide the selection of appropriate analytical methodologies, and rigorously validate
the correctness of intermediate results. This human-Al co-reasoning paradigm improves the reliability,
transparency, and interpretability of candidate proofs and produces auditable reasoning traces, while
recognizing that formal rigor and final correctness require human oversight. Through this collaborative
approach, we successfully derive a complete proof (Appendix C) for the aforementioned problem and,
in the process, systematize representative modes of human-AlT interaction while distilling key empirical
insights. We believe this study provides meaningful guidance for Al-assisted mathematical research and
establishes a foundation for deeper human-AlI collaboration in advancing mathematical discovery.

In summary, our main contributions are as follows:

* We advocate a human-Al collaborative paradigm for mathematical research that integrates the
computational capabilities of Al systems with the intuition and domain expertise of human
mathematicians.

* We conduct a case study on a challenging problem in homogenization theory, resulting in a
rigorous proof spanning nearly nineteen pages (Appendix C). A substantial portion of this proof
is generated by Al, which makes nontrivial contributions throughout the process, demonstrating
the potential of the paradigm for tackling complex, research-level mathematical problems.

* We systematize modes of human-Al interaction and extract empirical insights that can inform
the design of future Al-assisted mathematical research frameworks, which may also serve as a
practical guideline for mathematicians seeking to leverage Al in their own research.

2 PRELIMINARIES
2.1 THE HOMOGENIZATION PROBLEM

The mathematical research problem we investigate in this work is an instance of a Stokes—Lamé transmis-
sion system with a vanishing fluid inclusion, analyzed in the homogenization regime € — 0. This problem
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will be referred to as the Homogenization Problem in the rest of this work. The complete description of
the problem is provided in Appendix A.

Consider the displacement field w. satisfying the following coupled Lamé-Stokes system:

‘c/\,uua =0 in \EE7
Li(ue,pe) = 0anddiv u. =0 in D,

— A(ue,pe) Oue 1
UE‘— = Ua|+ and 61/(0?}3) T B . 1 on aDE, ( )
B |, = 9 € He ?(09) and  uclon € HZ (09).

Here, £y ,ue = pAue + (A + p)Vdivue and L (ue,p.) = pAus + Vp..

We need to conclude the limit homogenization equation as the scale of the cell tends to be zero ¢ — 0. At
the same time, we wonder the estimate between the original solution u. and the limited solution w;y, i.e.,

||u€ - Ulim”Hl(Q) <e” )

for some « € (0, 1). It is necessary to analyze and obtain determined value of «, and strictly prove this
conclusion.

2.2 AIM: AN Al MATHEMATICIAN SYSTEM

AIM is a multi-agent framework built upon large language models (LLMs) for conducting mathematical
research (Liu et al., 2025). Its design addresses two fundamental challenges: the intrinsic complexity of
mathematical theory and the rigor of reasoning processes. On one hand, AIM incorporates an exploration
and memory mechanism that decomposes complex problems into multi-step explorations, generates
intermediate conjectures, and iteratively reuses verified lemmas to refine reasoning. On the other hand,
AIM employs Pessimistic Rational Verification (PRV), in which multiple independent verifiers evaluate
each intermediate proof, and a proof is judged as incorrect if any verifier deems it incorrect.

AIM consists of three core agents—the explorer, verifier, and optimizer—along with a memory module.
The explorer is responsible for generating conjectures and constructing candidate proofs. The verifier
independently examines the logical correctness of each proof step, while the optimizer refines and corrects
errors identified during verification. The memory module archives automatically verified lemmas and other
intermediate results for future reference. The agents operate in an iterative manner: given a problem, the
explorer first proposes a sequence of intermediate conjectures accompanied by detailed proofs, potentially
leveraging information stored in the memory module. The verifier evaluates their validity, and if errors are
detected, the optimizer revises the proofs based on feedback from the verifier.

AIM has achieved satisfactory results in some theories (Liu et al., 2025). However, it still had numerous
limitations and errors regarding the homogenization problem. Nevertheless, AIM made notable progress
on this problem, and its intermediate results and proof sketches were found by human researchers to be
highly insightful. This naturally leads to a key question: Can human expertise be harnessed to guide
AIM toward completing the proof for the homogenization problem? This question forms the basis of our
investigation into human-AlI collaboration in mathematical research.

3 OVERVIEW

Based on an Al-human collaborative paradigm, we successfully completed the proof of the homogenization
problem. The full proof is presented in Appendix C. Throughout this process, we deliberately minimized
human intervention, allowing AIM to autonomously explore, reason, and construct mathematical argu-
ments as much as possible. This design enables us to better understand both the strengths and limitations
of AIM in mathematical research. The main conclusion for the homogenization problem is summarized as
follows: We derived the homogenization equation in limit case and denoted its solution as w;,, (Eq. 41 in
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Appendix C). The error estimation between the limit solution uy;,, and the original solution u. under the
scale ¢ is further explored. We have analyzed that the o = % and strictly proven the following conclusion:

[t — twtim|| 1 () S €2 3)

Building on the autonomous reasoning results of AIM, we observed that the original problem exceeds the
current capability of AIM; however, AIM could successfully tackle reduced or simplified subproblems and
showed strong ability to recognize and apply relevant mathematical theories even without explicit guidance.
This observation brings three key advantages: (1) it reduces the need for detailed human supervision
in solving subproblems; (2) it promotes exploration of diverse solution paths; and (3) it accelerates the
overall proof process. Building on these insights, we divided the original homogenization problem into
six subproblems and guided AIM through each. By weaving together the resulting proofs, we ultimately
arrived at a complete and coherent solution to the problem.

The six subproblems include: (1) Two-Scale Expansion, (2) Cell Problem and Homogenization Equation,
(3) Existence and Uniqueness, (4) Ellipticity of Operator, (5) Error Estimation and Control, and (6)
Regularity of Cell Problem. The objectives of each subproblem and the respective roles of AIM and human
experts are summarized below.

* Two-Scale Expansion: By performing a two-scale expansion on the equation, we obtain equations
corresponding to different scales. AIM made various errors in complex symbolic reasoning tasks.
Here, we have manually derived the content of this work.

* Cell Problem and Homogenization Equation: Based on the equations at different scales, we derive
the homogenization equation and construct the cell problem. AIM has insufficient understanding
of this task so this task has been completed manually.

e Existence and Uniqueness: AIM explored and applied reasonable theorems to analyze the operator
properties of the equation, and the proof process was obtained after we manually adjusted and
refined the details.

* Ellipticity of Operator: This subproblem concerns the ellipticity of the operator, which is a
fundamental property. AIM provides a proof with a relatively high degree of completion.

* Error Estimation and Control: This is the most complex subproblem, requiring a rigorous
analytical process and detailed derivation process. Based on the output results of AIM, we
manually adjusted and decomposed the subproblem, and finally obtained the complete proof
process by manually refining results of AIM.

* Regularity of Cell Problem: This is the conclusion put forward by AIM during its autonomous
exploration. After multiple human-Al interaction experiments and with appropriate theoretical
guidance, AIM finally produced a complete and correct proof.

The most representative Al-human interaction occurred during the resolution of the Error Estimation and
Control subproblem, which is the most complex one. Upon closer examination of AIM’s results, we found
a certain property of cell problem without providing a proof for it. This prompted deeper analysis, revealing
that establishing this property required a more profound understanding of the underlying theory than
initially assumed. In other words, this process helped the human expert better grasp the intrinsic difficulty of
the problem. The human expert then suggested that AIM consider mathematical tools such as the Difference
Quotient (LeVeque, 2007), Galerkin Method (Galerkin, 1915), and Schauder Theory (Ladyzhenskaya
et al., 1968; Boccia, 2013; Zhuge, 2021), providing only their definitions without procedural hints or proof
outlines. Eventually, AIM succeeded in proving the property using Schauder Theory. This experience
vividly illustrates that although AIM may still be a flawed individual researcher today, it can already
serve as a valuable research partner—if used wisely.
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4 MODES OF HUMAN-AI INTERACTION

In pursuing the complete proof of the homogenization problem, we found that effective human-Al
collaboration plays a crucial role. Based on extensive experimentation, we summarize five representative
modes of interaction that proved particularly effective:

Direct Prompting (Sec. 4.1). This mode guides the agent toward promising proof directions and
optimizes its reasoning path through targeted yet concise instructions. It can be further divided
into three subtypes: Theorem Prompts (Sec. 4.1.1), Conceptual Guidance (Sec. 4.1.2), and Detail
Refinement (Sec. 4.1.3).

Theory-Coordinated Application (Sec. 4.2). In this mode, the agent is provided with a coherent
body of mathematical theory, enabling it to derive related results within the theoretical framework.
Unlike Theorem Prompts, which focus on specific goals, this mode emphasizes the integration
and application of an entire theoretical system.

Interactive Iterative Refinement (Sec. 4.3). This mode follows a “Feedback — Revision —
Re-reasoning” cycle, through which human experts and AIM collaboratively refine and complete
proofs, leading to a more coherent and rigorous reasoning process.

Applicability Boundary and Exclusion Domain (Sec. 4.4). Certain tasks—such as decomposing
proof strategies or constructing problem formulations—remain challenging for AIM. We therefore
recommend assigning these tasks to human experts, while reserving AIM’s involvement for
domains where it demonstrates reliability and insight.

Auxiliary Optimization Strategies (Sec. 4.5). These strategies enhance the correctness and
robustness of proofs by iteratively providing additional contextual information and optimizing
the selection or combination of mathematical tools.

4.1 DIRECT PROMPTING

Direct Prompting is an approach that provides clear human guidance, directing AIM’s attention to critical
elements in the proof process, thereby minimizing irrelevant or off-topic reasoning to the greatest extent.
This approach is particularly effective during the initial construction phase of the proof framework, or
when handling critical steps that require conceptual breakthroughs.

Applicable Conditions: The solution approach is foreseeable by the human, and the required
theoretical components are known, but the derivation details are tedious. We can constrain AIM
to use only the given knowledge, thereby reducing autonomous conjecture.

Typical Mathematical Scenarios: For relatively simple subproblems, we can quickly identify
the applicable theorem or method and directly prompt AIM to use the corresponding tool. When
validating conclusions or conjectures, we can provide guidance to let AIM explore the process
and record intermediate findings.

Expected Outcomes: AIM correctly applies the provided theorems and completes the proof
within the given knowledge pack, with preconditions checked and steps properly cited.

The prompts can be categorized into three common and distinct types:

Theorem Prompts: Directly supplying formal statements, assumptions, or target theorems to
anchor AIM’s reasoning process.

Conceptual Guidance: Offering high-level descriptions of strategies, intuitions, or mathematical
insights that contextualize the problem.

Detail Refinement: Providing step-specific instructions or local corrections to ensure logical
coherence and technical precision at finer granularity.
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4.1.1 THEOREM PROMPTS

During experiments, we directly supplied AIM with theorems and lemmas relevant to the current stage of
the proof, thus anchoring its reasoning process within a well-defined mathematical foundation. This form
of guidance proves to be highly effective in narrowing AIM’s focus and structuring the proof pathway.

For instance, in the proof of the cell problem, we explicitly introduced auxiliary lemmas from Schauder
theory and provided them as prompts to AIM. Under this prompt, the output of AIM indicates that it
proactively and appropriately incorporates the prompt information and executes the correct derivational
procedure.

Prompt to AIM

Disclaimer

For clarity, we format prompts using typographic styles (e.g., bold text) and render formulas as symbols
rather than raw LaTeX code. “Content” is one of the labels used by AIM to distinguish different components
and can be safely ignored when interpreting the prompt. The detailed prompt and response are in appendix B.
The same applies below.

Content:
You can use the following theorem to analyze the problem, integrating the content of the theorem and its derivation
process.

Disclaimer

The outputs of AIM include content such as \begin{lemma}\end{lemma}. We do not modify these
outputs. LaTeX automatically assigns the numbering. Please ignore the numbers and the same applies below.

Lemma 1. Some prompts are omitted here for clarity.
where x, 1 are weak solutions. Moreover, for all p € (0,t), integrating the above inequalities yields:

1 1
2 : P B+1 2 :
7[ Ix — 1 +plgo — ¢, )| < H ][ x| + tlgo — ¢(1, )|
B(p) B(t)

This derivation process yields a crucial conclusion and embodies the inherent logic of the inferential steps

Response of AIM

Disclaimer

For clarity, we render formulas as symbols rather than raw LaTeX code. The same applies below.

#%Step 2: Bounding |’ B(%) |x — I|? dz** From Lemma 4 and scaling arguments (see hint-5), we derive:

/ |X—l|2dac§02t2(6“)/ Vx|? da.
B(t) B(t)

4.1.2 CONCEPTUAL GUIDANCE

When analyzing the proof strategy for a given problem, AIM often exhibits vague or circular reasoning.
In such cases, we—as human experts—can provide high-level framework prompts drawn from relevant
mathematical fields. This allows the agents to conduct proof experiments within a conceptually sound
structure, which can then be refined through iterative analysis of its outputs.
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In the early experiment, we observed that AIM proposed an estimate form of the error:
utPP(x) = ug() + e x P (L) in Q.. @)

Upon careful analysis of the experimental results, it became evident that the proposed form was inaccurate,
and AIM’s derivation process lacked sufficient and accurate detail.

Response of AIM without guidance

By the coercivity and the conjecture:

2 1
cllellz(a) < ale,e) = [Res(e)| < Ce2|luol[m1(q)llelln (o)

Some responses are omitted here for clarity.
Combining:

cC )\ 1
o = ucllnscoy < (£6) eHlal, 4 g

Therefore, we revisited the problem from the perspective of homogenization error and, in subsequent proof
attempts, provided a mathematically sound formulation to serve as the estimated error form and use it as
guiding information to prompt AIM. And AIM finally offered a more reasonable proof process.

Prompt to AIM

Content: Consider the following form of the error.
Some prompts are omitted here for clarity.
Suppose

We = Us — Uy — EX (g) 052 (Vo).

Here, we present the error form of the homogenization problem, constructed via convolution.

Response of AIM with guidance

Since D C Q \ Qa., the standard mollifier-estimate (Lemma 5) yields
152(Vuo) — Vol 2(py < Vo — Se(Vuo)ll L2@\0s. )5
and clearly || V4[| 12(py < [V L2(). Hence
|Jp] < C|[Vuo — S=(Vuo)ll L2 naa0) 1V L2(0)-

4.1.3 DETAIL REFINEMENT

For reasoning details generated by AIM—such as formula derivations, symbol definitions, and computa-
tional steps—directly identifying deviations and providing corrective guidance is an effective strategy for
local error calibration. Similarly, proof accuracy can be enhanced by prompting targeted revisions within
specific segments of the argument.

Prompt to AIM

Content: Some prompts are omitted here for clarity.
where u = (u',..., u?) represents the displacement field and the divergence of u is given by

. ou’
diva = .
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The operational rules are emphasized here through specific formulas.

4.2 THEORY-COORDINATED APPLICATION

The Theory-Coordinated Application paradigm is an interaction mode that constrains the agents to operate
within a pre-established theoretical framework to conduct derivations or proofs. It is intended for relatively
complex intermediate problems where the solution path is foreseeable but detailed reasoning is nontrivial.

* Application Conditions: This paradigm is appropriate when the problem is relatively complex
and demands a multi-step chain of reasoning. The human can encode the theory’s prior knowledge
that the model will follow the inherent derivation logic.

» Typical Mathematical Scenarios: This paradigm targets scenarios where the final theorem
or proposition can be obtained by progressively applying the selected theory’s intrinsic logic,
moving stepwise from definitions and lemmas to the desired conclusion.

* Expected Outcomes: AIM arrives at the target proposition by applying only the definitions,
lemmas, and rules encoded in the knowledge package. Throughout the process, AIM demonstrates
a correct grasp of the derivation logic, faithfully applying the theory’s proof patterns to advance
from premises to the theorem without relying on heuristic leaps.

During the proof of the homogenization problem, AIM proposed a property pertaining to the Cell Problem:
x € WhH(w). Consequently, AIM successfully constructed a proof by applying Schauder theory,
following some appropriate instruction.

Prompt to AIM: Some prior knowledge of the entire Schauder theory

Content: Lemma 1: Suppose Q1+ = R, S = {24 =0}, B = {x € B(1) : x4 > 0} and B_ = {z € B(1) :
xq < 0}. Here B(1) = {||z|| < 1}. Consider this equation: for V € H}(B(1);R?)

(VV : AiVX)B, +(VV 1 AVX)s_ + (F,V - (aV))B_ =0,
V- (a>~<) =0,

here x = D%y, 7 = D°r, |a| > 1 and Ai, A2 are constant tensors, a is a constant matrix. We have that
PO ”XHH’C(B(%,:[:)) < C”XHL2(B(1)) and HT”H'C(B(%),) < C||T||L2(B(%),) for Vk > 1.

Response of AIM

We follow the strategy already sketched in Lemma 5. Fix 0 < p < t < 1/2 and let (I*,¢*) € L be an
almost-minimizer at scale ¢, namely

1/2

1/2
E(ﬂé(/ Ix—l*|2> +t-|go—C(l*,q*)|+</ Ir—q*l2) =&
B(t) B(t)_

In this mode, AIM demonstrates coherent understanding and systematic application of both the provided
lemmas and the ensuing proof strategy, thereby enhancing the probability of obtaining a complete and
valid argument. And this process is amenable to formal verification.

4.3 INTERACTIVE ITERATION

Interactive Iteration is a paradigm for uncertain and complex problem settings built around a cyclic process:
output — human diagnosis and correction — model optimization — output — - --. By supplying the
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necessary incremental information, performing condition checks, and validating with small examples, it
avoids overcommitting to incorrect lines of reasoning and enables the reuse of validated fragments as stable
modules. This iterative refinement helps decompose complex proofs into tractable components, thereby
improving both efficiency and rigor. Through repeated cycles of adjustment, the proof is progressively
elaborated and verified, ultimately yielding a complete and logically sound derivation.

* Application Conditions: We adopt an iterative interactive refinement mode when problem
complexity precludes a one-shot solution, such as in multi-stage derivations, cross-domain
dependencies, or tightly coupled constraints that necessitate phased exploration.

* Typical Mathematical Scenarios: In a typical scenario involving complex proofs, we often lack
a clear and complete proof strategy and possess only preliminary derivation directions.

* Expected Outcomes: The expected outcomes of each iterative cycle are structured around error
correction and direction guidance, forming a mechanism that drives the gradual refinement of
proofs. AIM shall output a precisely targeted and revised derivation process. And based on AIM’s
revised results, we extract useful guidance content for the next iteration.

In the experiments related to error estimation, AIM was prompted with the error formulation. Analysis of
its output revealed the following intermediate conclusions and derivations proposed by AIM:

Response of AIM

Then there exist £ > 0 and a constant C, depending only on d, €, || A|| g (y), and the constructions of 7. and
S., such that for every v € H{ (9; R?) and every & € (0, £0) one has the estimate

/Q(A — A(z/))(Vauo — ne S (Vo)) : Vb da

+IVuo — Se(Vuo) |l 2 nas.)] 1Vl £2(0)-

< C [ Juoll (o)

The conclusion here is what we care about, and it also provides inspiration for our subsequent analysis and
decomposition of the problem.

While analyzing this derivation and the lemmas provided above, we summarized and formulated the
following conclusion:

Lemma 1. Suppose Q) is a bounded Lipschitz domain in R®. Define the e-neighborhood of the boundary as
Q ={z € Q:dis(z,00) <t}, ¢t>0.
For all ¢ € H(Q,R?), the following estimate holds:

/ AVw, : Vipdzx
Q

< O 9xlzzy { 18- (V2 u0)|| 2y, + 70 = 5=(V0)ll2(nrser }

+ C VYl p2(a,. Vuoll L2, -

We performed a certain amount of manual, straightforward derivation and determined that the following
lemma is correct. Consequently, we provided this lemma to AIM, which then produced a correct derivation
process.

4.4 APPLICABILITY BOUNDARY AND EXCLUSION DOMAIN

For LLMs, some certain mathematical processes can be challenging to comprehend and execute accurately.
Examples include handling intricate geometric configurations, deconstructing intermediate proof strategies,
or addressing difficulties in mathematical derivations. Therefore, it is advisable to address these processes
through human intervention.
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For example, the cell problem serves as a bridge connecting the microscopic and macroscopic scales.
The primary difficulty for agents in such tasks lies in their insufficient ability to comprehend geometric
structures. In the experiment results of AIM, we observe a clear mathematical error:

Response of AIM

in the elastic cell Y, :  div, (Ey + Xf) =0.

This error further leads to significant challenges for AIM in deriving a reasonable and correct form of the
homogenization equation. For such geometrically dependent constructive problems, direct human-driven
derivation and analysis may represent a more efficient and reliable approach.

4.5 AUXILIARY OPTIMIZATION METHODS

Beyond core strategies such as Direct Prompting and Interactive Iteration Refinement, we employed
several supplementary techniques to enhance the reliability of AIM’s mathematical output.

* Repeated Attempts and Proof Screening: Owing to the inherent stochasticity of LLLMs, the
same query often yields varying responses. By repeatedly testing identical problems, we filtered
the generated proofs and selected the most complete and coherent ones for further refinement.

* Providing Target Conclusions to Improve Correctness: We found that providing the target
conclusion, rather than posing fully open-ended proof tasks, materially improves correctness by
constraining the search space and guiding the reasoning path.

* Model Selection Based on Task Requirements: The choice of LLMs considerably affects per-
formance. Comparative analysis indicated that o4-mini excels in conceptual understanding and
constructing proof frameworks, while DeepSeek—R1 is better suited for detailed mathematical
derivations and proof refinement.

Taken together, these auxiliary procedures substantially strengthen the AIM’s ability to produce mathemat-
ically valid and logically rigorous arguments and are integral to the overall methodology.

5 FAILURE MODES

AIM still exhibits several persistent and systematic failure modes when acting as a collaborative research
partner. These weaknesses are particularly evident in constructive and geometry-intensive tasks, where
success relies on rigorous interpretation of problem structures, verification of theorem preconditions, and
consistent integration between symbolic reasoning and geometric representation. In domains involving
constructive reasoning, AIM frequently struggles with assessing theorem preconditions and interpreting
geometric configurations, both of which remain unstable and error-prone. Moreover, the system lacks
robust mechanisms for self-checking preconditions and edge cases, leading to misjudged prerequisites,
breaks in reasoning chains, and internally inconsistent setups.

6 CONCLUSION

In this work, we employ AIM as a research partner to tackle a challenging problem in homogenization
theory. We investigate a human-Al collaboration paradigm that combines the computational strengths of Al
with the domain expertise and judgment of human researchers. Demonstrated through a homogenization
case study, this paradigm culminates in a rigorous proof of the target problem and reveals distinct interaction
patterns and empirical insights that may inform future Al-assisted mathematical research. These interaction
modes also illustrate how Al can extend the capability boundaries of human mathematicians.

10
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A  PROBLEM DESCRIPTION

The mathematical research problem we investigate in this work is an instance of a Stokes—Lamé transmis-
sion system with a vanishing fluid inclusion, analyzed in the homogenization regime £ — 0. This problem
will be referred to as the Homogenization Problem in the rest of this work.

Consider D ¢ Q ¢ R4 (d > 2), where (2 is elastic material and D is the high contrast inclusion part.

* (2 is open bounded with connected C'*° boundary 0f2.
* D is open, has a finite number of components and has a Lipschitz boundary 0.D.

* Q\ D is connected with Lipschitz boundary 92 U 8D. The connected components of D are
enumerated as D;, 7 =1,..., N, N is finite.

And given e € (0,1), D = D, is part of an e-periodic array of small inclusions constructed as follows, in
several steps.

Y = (—3,%)%is the unit cell. w C Y is a simple connected open subset with connected Lipschitz
boundary such that dist(w,0Y) > 0. Yy = Y \ @ is the model environment in the unit scale.

Given e > 0 and n € Z9, we denote £(n + Y) and £(n + w) by Y* and w?, respectively. Let I1. be the
set of lattice points n such that 7? be contained in €2, i.e.,

Hﬁ:{ﬂé%ﬁ?ﬁcﬂy 5)
then the inclusions set D = D, and the background part €2, are defined by
D, = U Wt Q. =0\ D.. (6)
nell,

A pair of real numbers (), p) is called admissible and referred to as a Lamé pair, if they satisfy x4 > 0 and
d\ + 2p > 0. For a Lamé pair (A, 1), the elastostatic system (Lamé system) reads

Ly pu:= pAu+ (A + p)Vdivu, (7)

where u = (u', ..., u?) represents the displacement field and the divergence of u is given by divu =
Zle g—;f. It is worth noting that v, rather than v, is used here to ensure consistency with the notation

adopted by AIM. The Lamé operator can be written as V - o(u) where
o(u) == MV - w)ly + 2uD(u), (8)

mm:%w+ku:;@M+@wm. ©

The corresponding conormal derivative (boundary traction) at the boundary of a domain F is

ou
8u(

:=0(u)N = A(divu)N + 2uD(u)N on OE. (10)
) loE

We consider the space R of rigid motions in R, defined by
R:={r=(ry,...,ra)" : D(r) :Oian}.

_1
We define Hy ? (0D, ) as the subspace of H ~2(dD,) that is orthogonal to R, i.c.,

Hy ?(0D.) := {¢> € H3(0D,) : (6,1), —0,VreRand1<i< N}. (11)

H%(9D.,),H % (8D.,))
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Consider the displacement field u. satisfying the following transmission system:

Lapue =0 inQ\ D.,
L5,5ue =0 in D,
= Oue | = Ou 12
Ue|- = te|y and 55 ‘7 = s, on D (12)
Ou. o -1 1
() 90 =g¢€ H]R (89) and Us|8§2 S H]R (89)

Suppose 1 fixed, then we arrive at the equations about the incompressible inclusion limit. In this case,
the transmission problem is a coupled Lamé-Stokes system:

Ly e =0 inQ\ D,
Li(ue,pe) = 0anddiv u. =0 in D,
— O(ue,pe) Oue 13
u.|- = u.|; and ay(@;ﬁ) = . 1 on dD,, (13)
Oue o € Hp?(0Q) and wuc|pq € HZ (09).

Wi,

Here, L (ue,p.) = 1Au. + Vp. denotes the Stokes operator with viscosity constant /i, and p, is the
pressure field. IV is the outward unit normal vector to the boundary of the domain. Its exterior derivative is

defined as 2“2 | = pN + 2uD(u)N.

W (oo,

We need to conclude the limit homogenization equation as the scale of the cell tends to be zero ¢ — 0. At
the same time, we wonder the estimate between the original solution u. and the limited solution uy;y, i.e.,

lue — wim | g0y S € (14)

for some « € (0, 1). It is necessary to analyze and obtain determined value of «, and strictly prove this
conclusion.
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B DETAILED CASE STUDIES

B.1 DIRECT PROMPTING — THEOREM PROMPTS

Here are part of the experimental results on error estimation output by AIM after we directly prompted it
with the content of some theorems. The response is a complete lemma and its proof process generated by
AIM, from which we can observe how AIM utilized the prompted content and the details of its deduction.

Prompt to AIM

For clarity, we format prompts using typographic styles (e.g., bold text) and render formulas as
symbols rather than raw LaTeX code, while the content remains consistent with that of the actual
experiment. “Content” is one of the labels used by AIM to distinguish different components and
can be safely ignored when interpreting the prompt. The same applies below.

Content:
You can use the following theorem to analyze the problem, integrating the content of the theorem and

its derivation process.

The outputs of AIM include content such as \begin{lemma}\end{lemma}. We do not modify
these outputs. LaTeX automatically assigns the numbering. Please ignore the numbers and the
same applies below.

Lemma 2. Let Ay, As be constant tensors and a be a constant matrix. Consider the system:

V- (A41Vx)=0 in B(1),

V- (AVX) +V-(aTr)=0 inB(1)_,
V-(ax)=0 in B(1)_,

xls = x)- on B(1) N {4 = 0},
Ix x| _ _
$+—$_—90 on B(1) N {zq4 = 0}.

where x, 1 are weak solutions.
Moreover, for all p € (0,t), integrating the above inequalities yields:

2 : p|Att D) :
=) +ploo— <o)l < |2 x|+ ol
B(p) ¢ B(1)

This derivation process yields a crucial conclusion and embodies the inherent logic of the inferential
steps

Thus, for all (I',q") € L, by the inequality above, we have:

2

inf 1] + — (1,
it (é(p)u |> ploo — ¢(0,9)

1

2

<c|f™ it ((f w-i?) +io-ceol
= in — — (1,
-t (Lo)eL B(t) X 70 !

15
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Further, for all (I, q") € L, it follows that:

1

2
inf ][ x—1I*] +plg—<lq
it ( e ) ploo ()

1
2

<c|f™ e (£ =) +tloo-ca)l
= in - — (1,
<Ol B F 90 q

Response of AIM

For clarity, we render formulas as symbols rather than raw LaTeX code. The same applies below.

Lemma 3. Let u = wy — l and v = s — q, where | and q are the piecewise linear solutions from Lemma 4.
Then, under the given hypotheses, there exists a constant C' > 0 independent of t such that:

/ |Vw, — Vx/|? dx+/ Ir — s> de < C tw/ |Vx|? dm+t25/ I7)? dz | ,
B(t) B(t)_ B(t) B(t)_

where B € (0, 1) is the Holder exponent from Lemma 4.

correctness: True

“correctness: True” is generated and used internally by AIM, and can be safely ignored when interpreting the
prompt. The same applies to similar cases below.

Proof. **Step 1: Apply Lemma 8** By Lemma 8, there exists C; > 0 such that:

/ |Vu|2dac—|—/ lv|* da < C4 t_2/ |x—l\2dx+/ Ir—q|*da .
B(t) B(t)_ B(t) B(t)

##Step 2: Bounding |’ B() |x — I|? dz** From Lemma 4 and scaling arguments (see hint-5), we derive:

/ Ix — 1> dz < 02t2(6+1)/ |Vx|? da.
B(t) B(t)

**Step 3: Bounding fB<t)_ |r — q|? do** Similarly, Lemma 4 gives:

/ Ir — q|* de < 03t2ﬁ/ |r|? d.
B(t)— B(t)_

**Step 4: Expanding Key Terms** Decompose the left-hand side of the conjecture:

/ |Vw, —Vx|2dac:/ |Vu + (VI — Vx)|? de,
B(t) B(t)

/ |r—st|2da::/ |(r — q) — v da.
B(t) - B(t)_

|Vu + (VI — Vx)|? < 2[Vul> + 2|VI — Vx|?,
|(r — q) —vf* < 2r — g* +2J0]”.

Expanding these squares:

16
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Integrate and sum these inequalities:
/ |Vw, — Vx/|? dx—i—/ r — s¢|* da
B(t) B(t)_

<2 </ |Vu|2dx+/ |v)? d:c) +2 </ VI — Vx|? da:—i—/ Ir — q|? dm) .
B(#) B(t)_ B(t) B(t)—

**Step 5: Bounding Residual Terms** From Lemma 4 and scaling:

/ VI — Vx|* dz < C4t26/ |Vx|? de.
B(t) B(t)
**Step 6: Combining All Estimates** Substitute Lemma 8 and Steps 2-5 into Step 4:
LHS < 2C, (t—202t2<ﬂ+1> IVx|1% + 03t26||r||2) +2 (04752‘*||vx||2 i 03t2ﬂ||r||2) .
Simplify exponents and constants:

LHS < C (P29 + 2°r)1)

where C' = 2C1(C2 + C3) + 2(C4 + C33). This completes the proof. O

B.2 DIRECT PROMPTING — CONCEPTUAL GUIDANCE

Here is the prompt and output content of AIM in the error estimation section. After we guided the specific
form of error estimation, this is the content of a key lemma and its proof process generated by AIM.

Based on this proof process and combined with the interactive iteration mode, we subsequently developed
a clearer proof framework and guidance content.

Prompt to AIM

Content: Consider the following form of the error.
Define the cut-off function as follows: n. € C§°(Q2),and

C

OSTI&‘S17 |V7}a|§ga
ne = 1, when dist(z, 0Q) > 4e,
ne =0, when dist(x,09) < 3e.

And we also set this convolution operator:
SP@) = pex f@) = [ fe=v)pdn

Here p € C§°(B(0,1)), p >0, and [, pda = 1.
Suppose

z
We = Ue — Uy — EX (g) nasg(Vuo).

Response of AIM

Lemma 4.

Conjecture 1. Let Q C R? be a bounded Lipschitz domain, A(y) a 1-periodic, uniformly elliptic,
bounded coefficient in H*(Y) with u > d/2, and x(y) the associated H*-cell-corrector. Let
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ug € H2(Q) and, for e > 0, let S. be the Friedrichs-mollifier and n. € C§° () a cut-off with
Ne=10onQ\ Qse, N-=00nQs., |Vn| <Cle.

Define the “corrector-mismatch” term
J(@) = / M(z/e) (n:52(Vuo) — Vug) : Vi da,
Q

where M (y) = Vx(y)A(y) + Vx(v)A(y)Vx(y) is bounded and periodic. Then there is C' indepen-
dent of €, ug, v such that for every 1) € H}(;RY) and all 0 < € < ¢,

[T ()] < C[IVuo — Sc(Vuo)llL2(@\0a0) + VU0l 22250y ] IVl 2 (-
correctness: True
Proof. Proof. We set

M(y) = Vyx(y) A(y) + Vyx(y) Aly) Vyx(y),
so that by periodicity and the cell-problem M € L*°(Y"). Denote

36) = | M(e/e)(2:52(Tuo) = Vo) : V.

We split € into the “interior” region D = int(Q2 \ 5.) and the “boundary collar” C' = Qs.. Since
Ne =1on D and 0 < n. <1 onC, we estimate each piece separately.
1. Interior region D = Q \ Q.. Here . = 1, so

ngssz(vuo) — Vug = ng(vuo) — Vuyg.
Using | M| < C and Cauchy—Schwarz,
|Jp| < C/ |S2(Vuo) — Vuo| [V < C[|S2(Vug) — Vuol|r2(py |Vl L2(p)-
D

Since D C Q \ Qa., the standard mollifier-estimate (Lemma 5) yields
152(Vuo) = Vol 2(py < [Vuo — Se(Vuo)|| L2 (@\000)»
and clearly || V4[| 12(p) < [|[VY| L2 (). Hence
|Jp| < C[[Vuo — Se(Vuo) |l 2 (\se) IV L2(02)-
2. Boundary-collar C' = Q5.. On C we only know 0 < 7. < 1, so
17:82(Vug) — Vug| < |S2(Vug)| + |Vuo| < C|Vug|
(by boundedness of the mollifier in L?). Hence

[Je| < C/C [Vuo| VY] < C[Vuoll L2 (e IVYllL2 () = ClIVuollL2@se) VPN 2 (050

Finally, since Q5. C Q we have || V|| 12(q,.) < [[V¥|2(q). sO
|Je| < C[VuollL2(as.) IVl L2(0)-
Combining |J| < |Jp| + |Jc| gives
[T ()] < C [[Vuo — Sc(Vuo)lL2(\0s0) + [[Vuoll L2050y ] 1V L2(0)s

which is the claimed estimate.

ood
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B.3 COORDINATED APPLICATION OF SCHAUDER THEORY

This example illustrates the use of the theory-coordinated application paradigm to solve cell problems. We
first provided theoretical lemmas and definitions as foundational guidance, which in turn instructed AIM
to generate the corresponding final theorem conclusions.

Prompt to AIM

Content:
Lemma. I: Suppose Oy = R4, S = {24 =0}, By ={x € B(1) : 24 >0} and B_ = {z €
B(1) : zqg < 0}. Here B(1) = {||z|| < 1}.
Consider this equation: for V € H}(B(1);R)
(VV : A1VX)p, + (VV : AV X)B_. + (7, V - (aV))p_ =0,
V- (ax) =0,

where x = D%x, ¥ = D%r (|a] > 1), A1, Az are constant tensors, and a is a constant matrix.
We have that for Vk > 1

Z ||X||Hk(B(§)i) < C||X||L2(B(1)) and HTHH’C(B(%),) <C HTHLQ(B(%),)
+

Lemma. 2: Suppose that M is the constant matrix in R4*%, the following are equivalent:
Vy € {ya =0} Myz = M_uz,
JeceRY, s.t. My — M_ = cel,
(I—eXeq))M, = (I —eXeg)M_.

Definition. A, Ay are constant tensors, a is a constant matrix. If My satisfy the above lemma, and
V- (aM_y) =0in B(t)_.

We let I(y) = Miyly, >0 + M_yl,,<o + C, q(y) = r(0). We call l,q are the piecewise linear
solutions of the following equation:

V- (A4,V) =0 in B(t),

V- (AVD)+V-(aTq) =0, V- (al) =0 in B(t)_,
ol ol

=1, o Rt (AyM)eq — (AeM_ + a'r(0))eq on OB(t).

Suppose that L is the space of all the piecewise linear solutions of the above equation. And¥(l,q) € L,
we define ((l,q) = % L %L.

Lemma. 3: Aq, As are constant tensors, a is a constant matrix.

V- (AiVx) =0 in B(1)4,
V- (A2VX) + V- (a'r)=0,V-(ax) =0 in B(1)_,

., x| _ x| _ _
X+ =X- 5 T 7—go on B(1) N {zq = 0}.

X, T are the weak solutions of the above equation. Then for Vk > 0, a € [0, 1], we have

> Il mecazye) < € (I 2oy + lool)
+

19



Under review as a conference paper at ICAIS 2025

Lemma. 4 : Ay, Ay are constant tensors, a is a constant matrix.

V- (A1Vx) =0 in B(1)4,
V- (A3VY) +a"Vr=0, V- (ax) =0 in B(1)_,
Ix ox
— _ = —_ = B 1 = .
X+ X’6u+ | ~ 9 on B(1) N {zq = 0}

X, are the weak solutions of the above equation. And we let I(y) = (Vx)+(0)yly,>0 +
(Vx)-(0)yLy,<o0 + x(0), q(y) = r(0).

By Lemma 1 we know that x(0),(Vx)+(0) are well-defined, and (I — eXey)(Vx)y = (I —
eleq)(Vx)— on B(t) N {yqs = 0}. So by Lemma 2, we know (l,q) € L.

Thus for some 3 € (0,1) and Vy € B(3):

Ix(y) — L)l < Ix(y) — x(0) = (Vx)£(0)y]
< Cly* XlersB(1)s)

1

2
< Cly**! (/B()W) + |gol
1

and forVy € B(3)_:

r—ql < Clyl’ [Feonns)_y) < Clyl’ < / |r|2)
B(1)_

Therefore, for some 3 € (0,1) and Vy € B(%):
IX(y) = Uyl < [x(y) = x(0) = (VX)=(0)y]

y [A+1
< CH PUERIEIEN!

1
y|PHl 2\’
<clY| (f |x> +lgol
B(t)

1
2

and forVy € B(%)_:

y|P y|P 2
r—q SC‘*‘ T]co, £y Sc‘f‘ 7[ r
| | . [rlcos(B(2)_)) . B(t),l |

Lemma. 5: Al, Ay are constant tensors, a is a constant matrix.

N

V- (Ai1Vx) =0 in B(1)4;
V- (A2VX)+V-(a'r)=0,V-(ax) =0 in B(1)_;

_ o X x| _ _
X+ =X-3 5 Tl 9o on B(1) N{zq = 0}.

X, Tare the weak solutions of the above equation. Moreover, Vp € (0,t) integrate the above inequali-
ties to get

— %)z _ PB+1 211 B
(]i(p) Ix —U%)% + plgo — C(l, )| < ‘t‘ ((]{B(t) IXI2)2 + tlgo — (1, q)))

20
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So¥(l',q") € L by the inequality above ,we have

mfl,qea«]i o I+ plgo =Ca)l} < c|§|ﬂ+1mfl7qeg<<]i o XY E =< a))
P

Lemma. 6: Suppose ¢ : R, — R is a non-decreasing non-negative function satisfying ¢(p) <
C (E)B ¢(r) + Bre, where § > a > 0, C > 0.

¢
Then¥0 < p < r < R, 3C4, s.t. ¢(p) < Cq (%)a o(r) + Bp®.

Response of AIM

Lemma 5.

Conjecture 2. (Two-scale Campanato-decay for the excess) Let x € H'(B1;R™) be the weak
solution of the flat-interface two—phase conductivity—transmission system with constant coefficients
Ay, Ao, a and jump gg as in Lemma 12, and define for each 0 < t < % the “excess”

®(t) := inf {/ x — U de + (¢ (D) —gol2},
B()

lel

where L is the finite-dimensional family of piecewise-affine maps on B with tangential-continuity,
and ((1) its normal-flux-jump. Finally set ¥ (3) := fB(l) |Vx|? dz + fB(;) |Vr|? dx as in Lemma
2 2/

12.
Then for every € (a, 1) (Where o > 0 is the exponent from the one-sided CY/2_regularity) and
every pair 0 < p < t < 7 there exists C = C(d, \, A, ) < oo such that

O(t) + C -ty (1> .

d+2+28
) ’ 2

o(p)<c- (2

correctness: True

Proof. We split the proof into two main steps: (1) a sharp two—scale estimate for an almost-minimizer
at scale ¢, and (2) a trivial competitor at the smaller scale to capture the lower-order remainder term.
Step 1. (Decay from scale ¢ to p by Campanato-type estimate) By definition of ®(t) there exists
l; € L such that

/ X = L + t72(C (1) — gol® < 20(2).
B(t)
Set u := x — l;. Then u solves the same two—phase system, but with normal-flux-jump go — ¢(I4).

Hence we may invoke Lemma 5 (the Campanato-type decay with flux-control). For every 0 < p < ¢
it yields

1/2 1/2
(/ IUI2> +p-1¢(1t) — gol < C - (p/t)' 7 - </ IUI2> +t-¢(l) — gol
B(p) B(t)

Squaring, multiplying by the volume factors p? and ¢¢ and absorbing constants gives

[t o) = ol <€ (ot | [l e2i0() — gof? |
B(p) B(t)
Since the bracket is < 2®(¢), we conclude

[ =P+ o200 - al? < 20 (/>4 000,
B(p)
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Taking the infimum over £ on the left shows
o(p) < 20 (p/t)* 0 (t).

Renaming 2C' — C yields the first term in the asserted inequality.
Step 2. (Control of the lower-order remainder via a trivial competitor) Since gg lies in the range of ¢,
we fix once and for all an [y € £ with {(ly) = go and write

u:=x —lp.

Then v satisfies the homogeneous two—phase system with zero normal-flux-jump across {z4 = 0}. In
particular we may apply the refined Caccioppoli-Campanato energy bound of Lemma 12 to (u,7):

forevery 0 < p < %
1
/ Va2 +/ V2 < Cptteu () .
B(p) B(p)- 2

We now invoke the standard Poincaré inequality on the connected domain B(p): since u is continuous
across the interface, there exists a constant c (its average over B(p)) such that

/ lu —c|? < Cp2/ |Vul?.
B(p) B(p)

But adding or subtracting a constant from [, preserves both its piecewise-affine form and its normal-
flux-jump, so we may absorb c into [y and still remain in £. Hence

/ Vaul?
B(p)

This furnishes the second term in the desired two-scale estimate.
Conclusion. Adding the two estimates of Steps 1 and 2 and re-renaming constants completes the
proof: forall0 < p <t < %

<I><p>s/ |X—lo\2=/ fu—of? < Cp? -
B(p) B(p)

< Cpttrtay (;) '

O(p) < C - (p/t)T2T2PD(t) + C - T2 w <;> .

O

Response of AIM

We organize the argument in four main steps:
1. Two-scale excess-decay (Lemma 13). Define the “excess”

®(p) = int [ = 1P de+ g0 - ol ¢
€L B

where L is the finite-dimensional family of piecewise-affine competitors and () their normal-flux-

jump. By combining the refined Caccioppoli-Campanato control (Lemma 12) with the sharp one-sided

C*/2_regularity (Lemma 9), one shows:

Forevery 8 € (o, 1) andall 0 < p < ¢ < 1,
d+2+28
A2+ 1
) ®(t) + C 2oy (1)

P(p)<C (g

where U (3) := fB(%) |Vx|? dx + fB(%) |Vr|? dr and a € (0, 1) is the one-sided exponent from

Lemma 9.
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2. One-scale Campanato gain (Lemma 10). Fix 8 € (a, 1) so close to 1 that the contraction constant
A {d+2+arﬁ‘°‘ .
d+2+2p3
Then Lemma 10 yields a small § > 0 (depending only on C, e, 8) and C” so that for all 0 < p < %,
B(p) < € pH [ () 4 (3)]

In particular,
B(p) =0 (pd+2+a+6) as p — 0.

3. Campanato embedding — one-sided C(“+9)/2_ The estimate
/ |X _ lp|2 < C// pd+2+a+6
B(p)

shows that on each half-ball B(p) N {£z4 > 0} the mean oscillation of x — [, is O (p!*(@+9)/2),
By the Campanato characterization of Holder spaces, one deduces for each sign +

x € O (at8)/2 (E) ,

with norm bound < C' [<I> (%) + W (%)] %.

4. Tterative bootstrap to arbitrary v < 1. Having now C''70-control with vy = (a + §)/2, whence
Campanato— C171/2 etc. Standard iteration shows that the sequence of exponents approaches 1.
Hence for any target v < 1 we may in finitely many steps reach y € C1” (E) .

This completes the proof that Y € C'+7 on each closed half-ball up to the flat interface, for every
v <1

B.4 INTERACTIVE ITERATION

This is the content of experiment by the interactive iteration paradigm. After analyzing the output results
of AIM, we proposed more precise decomposed problem and clarified the proof directions for AIM. In
turn, AIM provided more reasonable proof processes than those generated previously.

Prompt to AIM

Content: Please try to prove the following lemma.

Lemma 6. Suppose () is a bounded Lipschitz domain in R%. Define the e-neighborhood of the
boundary as
O ={zeQ:dis(z,00) <t}, t>0.

For all v € HL(Q,RY), the following estimate holds:

/ AVw, : Vipdx
Q

< CIVxlzz@) [ [|5:(T2u0)]| 2 oy + 1720 = Se (Vo) 2y

+ C VYl L2, IVuoll 2o, ) -

Response of AIM

Theorem 1. Try to give the reproduction and derivation details of the derivation process below:
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Lemma 1: Suppose ) is a bounded Lipschitz domain in R%, Q; = {z € Q : dist(z,9Q)0, V¢ €
Hg(Q,RY)

< CIVxllrz@) {llSe(V?uo) | z2(@\as.) + [|Viio — Se (V)| 2 (\0.) }

TV 2@ [[Vuol 2050

/ AVw, : Vi dx
Q

Proof:
AVw, = AVu, — AVuy — AV (g) 52(Vug) — e Ax(y)V (1 S2 (Vo))
— (AVu, — AVaug) + {(A — A)Vup + (~A+ A+ Vx (g) At vavx)ngsg(vuo)}
— [A + AVy (g) +Vy (g) A+ VYAV — A} 1:52(Vug) — eAy (g) V(1.52(Vuo))
= (AVu, — AVug) + (A — A)(Vug — 1:S2(Vug)) + VxAn.S%(Vug)
+ VXAVX7.SZ(Vug) — B (g) 1eSZ(Vug) — eAx (g) V(7:52(Vuo))

Because of the variational form:
/ A (f) Ve : Vb + / pe-divey =0, Vi € C(QR™)
Q € Q

So we can get:

/AVwE:v¢:/Avu5:w—Avu0;v¢+/ p° - dive

Q Q D.
+ [ (A= A)(Tuo — 082 (Tua) + [ [VxAnS2(Vun) + IXATx1S2(Tuo)] : T
Q Q

-/ PE‘diV?/J—/QBUsSE(VUo)IV%/J

— /QEAX (g) V(UESS(VUO)) : V'l/)
And
[ A= (a0~ 1.82Vu0) < € [ (1 =) Vu |V o
Q Q

+0/ ne[ Vo — S2(Viuo) ||V da
Q
< Cl|VuollL2(i) VY 2204y + ClIVuo — Se(Vuo)l L2\ @u0) IV L2(0)

This is because that:

luo — S2(Vuo) [l z2(@\0s.) < lluo — Se(Vauo) L2(@\0a.) + | = Se(Vo) — S2(Vuo) || z2@nes)
< Cllug — Se(Vuo) [l L2\
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Moreover, by the regularity of x € W1, we have
| 93412 (Vo) + TxAVxne52(Vuo)] s Voo [ 57 - dive
Q D.
< [ (VXA + VXAV (152(Vuo) - Vuo)] : T
Q
+ / (VxA+ VxAVY)Vug : Vip — / podivep + O(e)
Q

/ (VXA + VXAVx) (0.2 (Vo) — Vuo)] : Vb
. o B i k
. / 5, pin 008 00 oul Oy

z; Oz, w 6xjr Oxy,
/ [(VXA 4+ VXAVX) (152 (Vuo) — Vug)] : Vo + O(e)
Q
< C||Vug — Sc(Vuo) |l L2 (@\0.0) IVl 22 (2) + O(e)

And we also have

oul\ [V
aﬂ 2 0
/Bnes (Vo) vw‘ |/b )2 <axj><axi)ne
i ap) (% o™ o [ Oug
/anxk ((bkij) (5) Ox; S <3x3 L
98
<ce| [ nfo(2)[1vul|s2v?uw)] do+ [ 190
Q € Q
< C (ellVYllz2 @IS (Vo) | L2@\22e) + 1Vl L2 (00) VU0l 220252 )

By the calculations above, we can finally get

+ O(e)

¢ ()| IVl |S2(Vuo)| da

xr
/Q A(2) Vue : 9 < CI 982 {el1S=(Tu0) | z2@naan) + V0 = e (Vuo)ll 2@rean }
+ O Vel 22 | Vo 20
correctness: True

Proof. We decompose A(z/e)Vw. into five error-terms and then bound each by invoking Lemmas
5-11 above.

1. Algebraic decomposition. By definition
we = ue —ug — ex(z/€)NeSZ[Vug)-
Hence
A(z/e)Vwe = A(z/e)Vue — A(x/e)Vug — A(z/e)V[ex(x/€)n- SV ug)].
We expand the last gradient by the product rule:
Viex(z/€)neS2Vug) = x(x/€)neS2[V?uo) + e(Vx)(2/e)n52Vug + ex(z/e)V (1S Vug).

In addition, from the cell-problem one shows

A@)(I + V() — A = B(y), /Y B(y)dy = 0,
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and that M (y) := Vx(y)A(y) + Vx(y)A(y)Vx(y) is bounded, 1-periodic. After a straightforward
regrouping one arrives at the identity

A(z/e)Vw. =(A(z/e)Vus — AVug) + (A — A(z/e))(Vug — 152 Vup)
+ M(z/e)(n-SZVuo — Vuo)
+ B(x/e)n-52Vug — eA(x/e)x(x/€)V (e S2Vup).

(For full details of the algebra see e.g. [Allaire *92, Appendix A].)
2. Variational cancellation. By the weak form of the e-problem,

/QA(x/s)Vu6 : Vipdx + /stdiw/)dx =0,
and by the homogenized equation for ug,
/Q AVug : Vipdz = 0.
Hence
/Q(A(Jc/e)VuE — AVug) : Vipdz = — /Qpadivwdm.

But the same pressure-corrector argument shows that the contribution of p. cancels against the
zero-mean of M (x/e). In fact one checks that

/(A(:c/s)VuE — AVug) : Vo +/ M(x/e)(neS2Vug — Vug) : Vip — / pedivyy = 0,
Q Q D,

so the first grouping and the M -term combine into a single estimate which is handled by Lemma 10
below. Hence it suffices to bound the four integrals

I = / (2— A(z/€))(Vug — 1. S2Vuy) : Vibdz,
Q
I, = / M(x/€)(neS2Vug — Vug) : Vipdz,
Q
Is = / B(z/€)n:52Vug : Vapdr,
Q

Iy = 75/9A(x/s)x(m/z—:)V(nESfVuo) : Vdz.

We estimate each in turn.
3. Estimate of I;. By Lemma 9 (or the periodic-Poincaré estimate plus a trace argument) we have

1] < C 2 uol| 2oy + Vo — S= Vol 200y | 191222

Since e/2[|u || ir2(q) < Ce||Se(V2uo)|| r2(\0s.) + ClI Vo — SeVuol|£2(0\q,.) by Lemma 5, we
obtain exactly the first bracket in the claimed bound.
4. Estimate of /5. By Lemma 10 on the "corrector-mismatch" term M one directly gets

11| < C [[[Vuo — SeVuoll L2 (\as.) + VuollL2(@s.)] IV L2 ()

which again fits into the first bracket plus a boundary-layer remainder controlled below.
5. Estimate of I3. Since [, B=0and B € H*(Y), s > d/2, we apply Lemma 7 (fast-oscillation
Poincaré):

I1B(z/e)¢llL2) < C [llellrz@) +el Vel @] -
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Take ¢ = 1.S2Vug. Then

|4l =€

/A(x/a)x(x/a)V(nsSSVuo) 1 Vipdz| <
Q
C [ellSe(VZuo)ll z2@n\ea.) + [Vuoll L2 (@5 ] IVl L2(0)-

But . = 1 0n Q\ Quc, s0 [[7:52Vuo||L2() < [[Vuollz2(as) + [1S2Vuo — Vuoll2@\0..) <
CHVUOHLQ(QE)E) + CHVUQ = SEVUOHLz(Q\QZE), and by Lemma 6,

e[V (nS52Vuo)|| r2(0) < C [ellSe(Vuo)ll L2\0s0) + IVuol L2 (05.)] -

Hence

|I3] < C {el|Se(Vuo)ll L2(o\@a0) + VU0 — S Vol L2(\000) + Vol L2250y } IVY] L2(0)-

6. Estimate of ;. By Lemma 11 on the e-small-term we have

|4l =€

/S)A(x/a)x(x/s)V(nESSVuo) : Vipdz| <

C [ellS-(V?uo) | z2(@\00) + VU0l L2(025.)] IVl 22(0)-

7. Conclusion. Summing I; + Is + I5 + I, and observing that all boundary-layer terms are absorbed
into the final

ClIVuoll L2(0s0) IV L2(0u2)
and the bulk errors combine to
C {ellSe(V2uo) L2 (@\0s.) + IVuo — Se Vol L2 (@n000) } V¥l L2(02)

we recover exactly the claimed estimate. This completes the proof of the lemma. O

comment: None

B.5 APPLICABILITY BOUNDARY AND EXCLUSION DOMAIN

This is the experimental result of AIM in the reasoning process of multi-symbol operations such as
two-dimensional expansion. AIM conducted various explorations, but none of them achieved the expected
derivation result. Furthermore, there are not only obvious errors but also numerous processes that are
irrelevant to the content we need to derive.

Prompt to AIM

Content: You can use the two-scale expansion to conclude the homogenization. You can perform the
expansion on the equation based on this formula V := V, + %Vy
Content: Let u. and p. be the solution of the coupled Lame-Stokes system. Then

Ue = ’U,()(l', y) + Eul(x7y) + EZuQ((E?y) + O(ES);
1
Pe = gp—l(xa y) +p0(xvy) + Epl(xvy) + €2p2($,y) + 0(53)

And substitute the form of such a solution into the original equation to get the equation of wg,uy,us ,
which means the equations of three scales: O(1), O(g), O(&?).
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Response of AIM

Lemma 7. Under the hypotheses of Lemmas 5—14 (periodic elastic matrix with Lamé coefficients
(X, p), incompressible Stokes fluid in the e—periodic inclusions w, and two-scale expansions

ul (z) = uo(x) + euf (z,y) + O(e?) inQ\ D.,
ug () = uo(z) + euy (2,y) + O(e?),
pe(z) = e~ 'p-1(x) + py (z,y) + O(e),

with continuity ug = u, = uo, Y-periodicity in y, and the usual cell problems for the elastic
correctors xP(y) and Stokes correctors (w", %)), the macroscopic displacement uy(z) and leading

pressure p_1(x) satisfy in Q the homogenized elastic-equilibrium equation

-V - [C* : e(ug)] + |w|Vp_1 = 0.
correctness: True
Proof. We give a fully rigorous two-scale derivation, correcting the interface-traction argument of the
original proof.
1. Two-scale expansions and cell problems a) Elastic (matrix) phase Y; = Y \ @. By Lemma 5,
ug (z,y) = up(x). Collecting O(e~!) terms in £y ,ud = 0 yields the elasticity-cell problem for
{x*9}¢ ,—; (Lemma 7). One then shows

d
uf (@,y) = — Y XPUy) Oz, ub(x).

P,q=1
b) Fluid (inclusion) phase w. By Lemma 6, p_;(z,y) = p_1(x). Grouping O(¢~2) in the Stokes
system gives the cell-Stokes problem for (w*, 7%), k = 1,...,d (Lemma 9):
—aAw* + V= e,  divyw® =0inw,

w® = 0 on Aw, periodic on Y, / a* =0.
Hence

’U/l—({L’,y) = wk(y) 8mkp71(x))

Bl
a |l ¥
—

pa (xay) = Zﬂ-k(y) 6$kp—1(x)'
k=1

2. Homogenized elasticity in the matrix At order O(g%) in Q \ D, one finds
—Vy- Uy(uéi_) — V- Gy(uf) —Vy- 0o (uf) = Vg - 05 (ug) = 0.
Integrating over Y and using periodicity plus the cell-problem identities shows
Ve - [02(uo) + Uy(“f)] dy =0,

Yy

and by Lemma 8
/ [02(ug) + oy (uf)] dy = C* : e(ug).
Yy

Thus, neglecting fluid, one would obtain

=V - [C" :e(ug)] = 0.
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3. Fluid-traction contribution On each inclusion boundary dw, the solid traction balances the fluid
traction. Expand

ug =uo(x) +euy (z,9) +..., pr = 'pa(@) +py(Ty)+...,
and note V — V, + (1/¢)V,,. Then the fluid stress

o~ (uz,p7) = 2u [(1/€)Dy(uy) + Dz(uo)] — [e™ ' p-1 + 1511 + O(e).
The O(c~*)~term enforces V,p_1 = 0 (so p_1 = p_1(z)). The O(°)traction on dw is

t(y) = [2uDy(u1)(y) — pg W) n(y) + 21Dz (uo) — p—11] n(y).

Since D, (ug) and p_; are y—constant and f 5., " dS = 0, the second bracket integrates to zero. Hence
the net force per cell exerted by the fluid on the solid is

/ tdS:/ [2uDy (uy) fpaf]ndS:é)Ikp_l(x)/ [QuDy(wk) fwkI] ndsS.
ow ow ow
By the divergence theorem in w,

/ 21Dy (w*) — 78 In dS = / Vy - [2uDy(w*) — 7*1] dy
Ow

= / [pAyw* — V¥ dy = —/ e dy = —|wleg.

Hence
/ tdS = —|w|0y, p_1€ek = —|w|Vp_1(x).
ow
Dividing by the cell-volume £? and passing to the limit adds a coupling term
+|w|Vp_1(z)

to the macroscopic equilibrium.
4. Conclusion Combining the matrix-average (Step 2) with the fluid-traction force (Step 3) yields
exactly

=V - [C* :e(up)] + |w|Vp_1 =0

in Q. This completes a correct, complete, and rigorous derivation of the homogenized elastic-
equilibrium equation. O

comment: None type: lemma
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C FuULL PROOF FOR THE HOMOGENIZATION PROBLEM

In this section, we present the complete proof of the homogenization problem obtained through human—-Al
collaboration.

In the following content, we use blue to represent content derived manually, green to represent content
output by AIM and then formatted manually, to represent content that was manually refined
after AIM provided a proof with a high degree of completion and the remaining is the basic setup and
information of this problem.

C.1 INTRODUCTION
Consider D ¢ Q C R4 (d > 2), where (2 is elastic material and D is the high contrast inclusion part.

» ) is open bounded with connected C'* boundary 0f).
* D is open, has a finite number of components and has a Lipschitz boundary 0D.

* 0\ D is connected with Lipschitz boundary 92 U OD. The connected components of D are
enumerated as D;, 7 = 1,..., N, N is finite.

And given e € (0,1), D = D, is part of an e-periodic array of small inclusions constructed as follows, in
several steps.

Y = (f%, %)d is the unit cell. w C Y is a simple connected open subset with connected Lipschitz

boundary such that dist(w,dY’) > 0. Yy =Y \ @ is the model environment in the unit scale.

Givene > 0 and n € Z?, we denote e(n + Y) and £(n + w) by Y* and w?, respectively. Let II. be the
set of lattice points n such that 7? be contained in €2, i.e.,

HE::{neZd:??CQ}, (1)
then the inclusions set D = D, and the background part 2. are defined by
D, = U wr Q. =0\ D.. 2)
nell.

A pair of real numbers (A, i) is called admissible and referred to as a Lamé pair, if they satisfy ¢ > 0 and
d\ + 2p > 0. For a Lamé pair (A, 1), the elastostatic system (Lamé system) reads

Lt = pAu+ (A + p)Vdivuy, 3)
where u = (u',...,u?) represents the displacement field and the divergence of u is given by divu =

Zle g—zz. The Lamé operator can be written as V - o (u) where
o (u) i= AV - )y + 2uD(u), 4)
1 1 . .
D(u) = i(V + VT)’U, = 5(81'11,] + Bju’)ij. (5)
The corresponding conormal derivative (boundary traction) at the boundary of a domain F is

ou

Wi lop

:=o(u)N = A(div u)N + 2uD(u)N on OF. (6)

We consider the space R of rigid motions in R?, defined by
R:={r= (r1,...,rq)" : D(r) :Oian}.
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We define Hﬂg% (8D,) as the subspace of H~2 (9D, ) that is orthogonal to R, i.e.,

Hy *(0D.) := {qs € H2(aD,) : (¢, e —0,VreRand1<i< N} NG

(8D.,),H™ 2 (dD.,))

Consider the displacement field u. satisfying the following transmission system:

Lauue =0 inQ\ D,
L5 ue =0 in D.,
= due — _Ouc 8
UE‘— = Ue|+ and . ‘_ = i N on 0D, (8)
Oue _ -1 1
Woum log 9 € Hp ?(09) and  uc|on € Hg (01).

Suppose 1 fixed, then we arrive at the equations about the incompressible inclusion limit. In this case,
we need to consider the homogenization problem of the following coupled Lamé-Stokes system:

V- (AMV - u)I +2pD(u:)) =0 inQ\ D,

V- (2aD(ue) +pel) =0,V - ue in D,

(2aD(ue) +pI )N~ — (MV - ue)l + QUD(UE))N+ =0 9)
Ue|4 = ue|— on dD,,

goi=loa = g € Hy * (09), uc|on € Hg (99).

C.2 UNIQUENESS AND EXISTENCE

Define V¢ = {u S Hl(Q) : U|QQLR, %‘QQLR}, H . ||V6 = || . ||H1(Q)
Searching for u. € V¢, p. € L?(D,) such that Vo € V¢, ¢ € L*(D.)

[ ogro= [ INT-ul+ 259+ V)]
a0 e (10)

# [ diveepot [ paGE+ V) Ve

and

o:/ div u - 1. (11)
D

€

Suppose a(-,-) : VE x Ve - R

a(ue, ) = / NV )+ 2p(5(V + V)] Vip + / 20(5(V + V) : Vo, (12)

“ €

b(-,-): Ve x LA(D.) - R

b(ue, ) = / div u. - . (13)
De
So we have the following equation equivalent to the variation form of original equation:
a(us,9) +0(p,pe) = [p09 ¢ Vo EVE, (14)
b(ue, 1) =0 Vi € L2(D€)‘
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Theorem 1 (Babuska-Brezzi Theorem). Let H and QQ be Hilbert spaces, and define bounded bilinear
formsa: HxH — R, b: HxQ — R. Forgiven F € H and G € Q', consider finding (o,u) € HxQ

such that:
a(o,T) + b(r,u) = F(1), V7€ H,

b(o,v) = G(v), YveQ.
Assume that:

(1) There exists o > 0 such that
a(t,7) > a||7||%, VreH.

(2) There exists B > 0 such that

b
inf supﬂZ@ v#0,7#0.
veQre |7 a|lv]lg

Then there exists a unique solution (o,u) € H x Q satisfying the above equations, and there exists a
constant C' = C(||al|, i, ) > 0 such that:

(o W)llzrxo < C([F[a + [|Gllor) -

By this theorem, we verify the conditions to obtain the existence and uniqueness. Suppose a?}ﬁ =
>\5ia6jﬂ + u(éijéag + 5iﬁéja)a
min{\d + 2u, 2}

AVu. - Vue > 1

[(V + V7 )u|?, (15)

min{d + 2u, 2/}

1
/ AVu, - Vu, —I—/ 2i(=(V +Vu) : Vu, > / (V + VT )u|?
o\D. p. 2 o\D. 4
. 1 1
420 [ (G749 s T+ T7e) 2 Cluclrs oy
E (16)
Lemma 1. b

inf sup (ue, ¥) > . (17)

w€L2<Ds)u;e\/s ||U6HH1(Q)H’l/)‘|L2(DE)

Given ¢y € L?(D.), ¢ = Zkeng Yy, here 1)y, are supported on w;. Suppose that Y is a cubic with
wCY CY,d(Y,Y) >0,

i = {L)k(m) T € wy,

fm f“"l\ Yrp(z)de =z € Vi \ wg.

And we know .
Y]l 23y < Cll¥llpzs)

/~1/A)d;r:0.
%

Besides, we can get 3dj, € H}(Y}) such that div dj, = v, in Y}, with HVdAkHLQ();k) < CQH"ZZ;”LZ({/,C).
Note that dj, is dj, zero extension to the boundary 9 and d = Y kere dy € V=. So we get

, and

IVd| 12() < Colldllr2) < Cill¥llL2()- (18)
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Therefore,

. o . . 1 .
/ Y -div d = / 1'2 2 '7,'“1" L2(D ,‘ v(]H]_l('r) ) - (19)
JD. J D, C1Cy )

So we verify the inf-sup condition. By the Babuska-Brezzi Theorem , there exists one unique solution
us € Ve, p. € L*(D.) to the original equation with ||(uc, pe)|lvexr2(p.y < Cllgllvey < Cllgllza)-

C.3 UNIQUENESS AND EXISTENCE OF SOLUTIONS AT EACH ORDER OF ASYMPTOTIC EXPANSION

Consider the following equation: p, u are Y -periodic

Vy  AMVy -l +2u(3(V+ VD) = F in Y\w,
Vy - (2a[3(Vy + VI)u] +pI) = F,,V - u = F3 in w,
2al3(Vy +VDul+pal) - N — MV -u)l +2u(5(Vy+VI)u) - N=G-N
|y = ul- on Ow.

(20

For F = Fi(z, ) 1yey\w + Fa(#, ) 1yew € (Hy o(Y; RY)*, u € Hy o(Y; RY), we define
< (F.G),u >H*,H:/ Fi(z, y)u(z,y) dy+/F2(x,y)U(x,y) dy+ [ G(z,y)u(z,y)N dy.
Y\w w Ow
(21)

Here, F3(x,-) € L2(w; R), G(x,-) € Hz (Ow; RY).
And define
V= {u(z,) € Hyo(Y; R}, M = {p(,-) € L*(w; R)}

So the equation has the unique solution (u, p) € V' x M if and only if fy\w F+ fw Fy — f@w G-N=0
and we have [[(u, p) v xar < ClI(Fry For @)y, vy + 1Bl o)

Suppose a : H}, o(Y; RY) x Hj, o(Y; R?) — R,

o) = [ ATy 0+ 25Ty V) Vot [ PRGT,+ VD) Ve @)

and b : H#O(Y; R?) x L?(w) — R,
b(u,) = / divy u - 1. (23)

We verify the property of a and b: Vu € H#O (Y; R%), and afjﬁ = Aia0jp + 11(0:j0ap + 0igdja ), there is

min(Ad + 2p, 2p)

AVu-Vu > 1

(V 4+ VT)ul?. (24)

/ AVu-Vu—l—/Qﬂ(;(V—i-VT)u):Vu

Y\w w

z/ min(AdZZ“’Q“) \(v+vT)u|2+2ﬁ/ (; (V+v7) u> : (; (V +v7) u) (25)
Y\w w

> CllullF vy-
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So we verify this property:
b
inf sup (w,9) > 0. (26)
¢€L2(w)ueH#0(Y;Rd) HUHH#’O(Y;Rd)HQ/JHL;(Y)

Given ¢ € L% (w), we consider

o )Y(E) TEw,
1/’(33)—{_Yiwlfw1p(x)dx reY \w.

This extension satisfy |{]| 12y < C1 |9 20y, ¥ € Hy, o(Y; R?) and [, Ydx = 0.

Besides, we can get 3d € H}, (Y'; RY) such that div d = ¢ in Y with [|Vd]| z2(yy < Ca [ p2(v).-

So we get
IVd| r2(vy < Call¥hl|L2vy < C1Call| 12w
. Therefore,

/1/1 div d = /1/12 > CO 9]l 22 (@) | Vel| L2y

Finally, we verify that the necessary conditions are sufficient. By divergence theorem,

1
F = Vy - (A(Vy - u)l + 2/v‘(f(V + VT)U)
Y\w Y\w Q27
== [ (V04 2(5(T + V)N
/F2 /v v + V) )u] + pI)
(28)
- [ e [2(v +VT)u] +pI)N.
Ow
Therefore we get
/ F1+/F2— G-N=0. (29)
Y\w w Ow
On the other hand, we try to search for u € V', p € M such that for Vo € V
1
/ Fy + / Fy = / (AMVy - u)I + 2u(§(v + V) : V0. (30)
Y\w w Y\w
B+ / B = —/ (A(Vy ) +2p1(5 (v+vT) )1 Vyo
Y\w w Y\w (31)

.1
- [ Cil5 (v, Vi o0 : Vot [ G-

This is correct since the analysis of Babuska-Brezzi Theorem: the following two equation are well-
posedness in V' x M

1
0=/Y\ (A(Vy - u)l+2u( (V+ V) : Vy<p+/(2ﬂ[§(vy+v§)u]+p1>:vy@vweu
(32)

and

/UJF3-¢:A(vy~u)¢ Vap € M. (33)
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C.4 HOMOGENIZATION EQUATION

For (uo,p-1):

Vy - (AMVy - uo + 20Dy (up)) =0
Vy . (QﬂDy(Uo) +p_1I) = O,Vy U = 0
(2D, (up) + p—1 )N~ — (A(Vy - u0)T + 2uD, (ug))N* =0

Uo|+ :U(]‘f

From the derivations in Sec. C.2, we know ug(z,y) = uo(z), p_1(x,y) = p_1(x) = 0.

For (u1,po):

Vy - (AVy - uy +2uDy(ur)) =0

Vy - (2aDy(u1) +pol) =0,V -uy = =V - ug

(20D, (1) + pol)N~ — (T, - w)] + 24Dy (ur)) N+
= 21Dy (uo) N~ + (AVy - uol + 2ﬂDr(u0))N+

up|y = ug|-

C.5 CELL PROBLEM

Suppose x*/ and ¥ satisfy the following equation:

Vy - (AVy - XY 4+ 2uDyx7) =0 in Y\w,
Vy - (2aDyx" +1r91) =0,V, - X" = —§;; in w,
2Dy (x7) + 17 )N~ = (M(Vy - X7)I + 2uDy (x7))N*

= —(Eij + Eji))N™ + pu(Eij + Ej;)N'T 4+ MING;; |+
X7y =x"1- on Jw.

From the definition above, we have x*/ = x7°, " = 17",

uy = (Dzuo)ij : Xij, Po = (Dzuo)ijrij

So for (usg, p1), we have:

V~uQ:—VI'u1

us|— = us|4

By divergence theorem, we can get

/6 MV - u1) + 2u(Dyup ) ) NT = —

Y\w

Vy - (AVy - ug +2uDyus) = =V - [(MVauo)l +2uDy) + (A(Vy - ui)I + 2uDyuy)]
—Vy - (MVy - u1)I +2uDyuq)
vy ' (2:&'Dyu2 +P1[) = -V, (QﬂDTUO +p0[) - Vg (Qﬂ(Dyul)) - vy ’ (2ﬂ(DTu1))

(p1 + 20(Dyu2) )N~ — (MVy - uz) + 2u(Dyuz) )N+
= = (20D (u1))N™ + (M(Va - u1) + 2p(Daur ) )NT

Vy - (AM(Vy - ur) +2u(Dyuq)).

[ Can.)N” = [V, @aDaw).
ow w

Combining the solvability conditions, we have
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Y\ w|Vy - [MVy - uo)l + 2uDy(uo)] + /Y\ A(Va(Vy 1)) 4+ 20(Va - Dy(u1)) dy
. (40)
+|w|(24Vy - Dyug) + / (24(Va - Dyuy) + Vapo) dy = 0.

w

Substituting this equation u; = (D,ug)" - X%, py = (Dyug)¥r¥, we finally get

Y\ w|Vs - [MVy - uo)l +2uDy(ug)] + / INVy - X+ 2Dy (X)) (Ve (Dyug)) dy
Y\w (41)
|2V, - Dauo) + / ) + 1 1)V (Do) dy = 0.

A(’éﬁ t'.‘)u =0

We can rewrite this equation as the form — 8:2: i Dy

= Y\ w[(Aiabjp + 11(0ipdja + dijdap)) + / AV X610 + (52 + —=2-)] dy
Y\w ayl aya

Ny o’
8yz 8yo¢

(42)
) + rjﬁ(sia dy

(61505 + Bi570) + / i

C.5.1 SYMMETRY

We first prove the symmetry of ; B,

Define: a(p, ¢) = [y, Vyp : [N(Vy - ) +2uD ()] + [, 20D¢ : D = [i\ ANV 9)(Vy - @) +
pD () : D() + [ 20Dy = Dip.

~af3

Claim a;; = (L(p”"’Y + X"‘“,p‘j‘g + X'j‘e),

a(p™, piP) = /Y by st i) + / Bt + Gisbia) 43)
a(p, ) = / . Aém(V~xf~’>+u(“”;%) (V7 VIXP)
— /0 “Aia XN — pi(€ia + €ai) XN + / fi(€io + €ai)X?P N, (44)
J Ow J Ow

Q(Xman‘S) _ / ! AV - Xia)(v . Xjﬁ) + M(vy)(m) : (vxjg I VTXjﬂ)
IJV\w
+ / A(Vyx') = (VX7 + VTx7)

= / = [V XP) + 20X D) N+ / 2fix"* (Dx’")N
. Jow

w

+ / YT / 1", (45)
J Ow Jw
Observing that a(p'®, p/? + x7P) = a ]‘3 — [, 6iar?? dy and a(x', p?P + x7P) = [ 6iar?” dy, we have
d;“j“e = a(p™ + x', p?# + xI#) and aM = d“/j = al; oe
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C.5.2 ELLIPTIC
Letyo = ¢ + S(Dz¢)ijxij(§), # € C°(Q; RY)
/ U’(Y:T Tj) - / / (v;r() + (I)JI‘O>I‘JYV1/'/\/,U) : [A<v1 C O+ <I).1:(‘)>Z.‘jvvz/ . \/U>l
JQ Y\w
+2u(D2 ¢+ (D29) Dy (X))

7/ 20 / (Vo + (Dpd) "V yx") : (Dptp + (Dpp)? (Dyx"))

/ / MV - ) +2uD,¢) + (MVy - X+ 2u(Dy X)) (Vi (Dyp)?) dy
+ / 2V, - Do+ (20(Dyx™) 4+ r 1)V (D, )" dy]

= / AV¢ : V.
J Ra
(46)

So we have
min{Ad + 2u, 2u, i} Vo|? dz < lim inf min{Ad + 2u, 2u, i}

< Vp|? do < / AV¢-Vda.
2 J rd e—0 2 J Rd J Rd

47)
Finally we can get

min{A\d + 2u, 2, fi

DB ey < aef e

C.6 REGULARITY

Foreachi,j =1,--- ,d, suppose p*/ = %(yjei +yie;), X (y) and ¥ (y) satisfy the following equation:

V- [AVy X1 +2uDyu] =0 inY \w,
V- [rY1 42Dy x"] =0 inw,
Vy X9 = —6;; in w,
X7 =x"|-,
(91 + 2D, x| N|_ = [XV - x¥T +2uDyx"] N,
= —j(Ei; + Ej;)N|— + p(Eij + Eji)N|4 + AINS;j|+  onOw.

In Y\ w and w, by interior estimation for V- CC Y \w, W CC w, we have ||x|| g# vy < o0, [|x||m+w) <
00. So we can consider the following boundary regularity problem on Jw.

Consider:
A, (X7 +07) + A+ 1) Vy(Vy - (X7 +p7)) =0 inY \ w,
Ay (XY +p) + Vyrt? = inw,
Vy (X7 +p7)=0 inw,
Xy =x"1-,

[P 1+ 2D, (X7 +p”)] N|_ = [AV, - (x” + )T + 2uDy(x" +p7)] N|_ =0 on dw.
This is equivalent to the following problem:
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Suppose that there is a sphere @, = (—r, )% with radius r centered at the origin in R<.
We define
QF ={(z',za) € Qr:za > Y(a)}, Qr ={(2',24) € Qr : za < P(2)},

I, = {(2',2q) € Qp : zg = ¥(2')}.
Here ¢ : R™1 — Ris a C™ function and v)(0) = 0,

Yy [AVy X7 I +2uDyx"] =0 inQ,
V- [ I+2aDyx"] =0 in Q;
\va Xij =0 in Q;,
X =xY]-

[r9 I+ 2Dy X" N|_ = [AVy - X7 I +2uD,x?] N[, =0  onl,.
X", r" are the weak solution in H'(Q,;R%) and L?(Q;; R).

C.6.1 A Basic Ch“ ESTIMATE
Suppose Q1+ = R4, S = {24 =0}, By = {x € B(1) : 24 > 0},and B_ = {x € B(1) : 4 < 0},
where B(1) = {z ¢ R? : ||z|| < 1}.
Consider the following equation: for all V' € H}(B(1);R%),
{(VV AiVX)B, +(VV 1 AVX)p_ + (7, V- (aV))B_ =0,
V- (ax) =0.
where x = D%y, 7 = D% with |a| > 1, A, A, are constant tensors, and a is a constant matrix.
We let V' = 7%y and 7 be smooth with = 0 in B(1) and 7 = 1 in B(3). So we can get
(VX : AiVX) B, + 1 (VX AVR)B. + (X(V0*)" : AiVR),
+(X(V)T - AVX) s + (7, V- (a)n) . + (7, (V)T - (ax)) . = 0.

Therefore,
1nVXIZ2(501)) < ClnVXlL2saylXllz2ay + Clnfll L2 say X2 a))- (48)

Besides, we also have |[[n7|2pa)) < CZB:MH lnDPx [2(B(1) = Mja|4+1, and
Y p—ja 1D Xl L2(B(1) = Mal-
So we have n'z,‘faHl < Cmyq|417n)q- Thatis

HD‘”HlXHLZ(B(%)) < CHD‘”‘X|‘L2(B(1))~ (49)
Similarly,

\\D‘Ql”‘\\LB(B(%)) < CHD‘QHT'HL%B(%))- (50)

C.6.2 SCHAUDER THEORY

. %x - . PR 9*x Ox Or
Since a8 18 the linear combination of By:0y; By Dy

correct for any |a,| = ||. So we have proved the Caccioppoli inequality.

r, the inequalities (Eq. 49 and Eq. 50) above are
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Lemma 2. (Caccioppoli Inequality) For the weak solutions (x,r), Vk > 1

Z X e 2,2y < Clixlizzsay), (51
¥
Il e B2y-y < Clirllzsay-)- (52)

Lemma 3. Suppose that M is the constant matrix in R¥ %, the following are equivalent:

Vy € {ya =0}, Myx = M_xz,
Jee RYst. My — M_ = Cel, (53)
(I —eFeq)My = (I —eleq)M-_.

Definition 1. Let Ay, Ay be constant tensors and a be a constant matrix. Suppose M and M _ satisfy
Lemma 3 above and V - (aM_y) =0 in B(t)_. Define
Wy) = Miyly,>0+M-yly,<o+C, q(y)=r(0),

where 1. denotes the indicator function. We call I, q the piecewise linear solutions of the following
equations:

V- (AVI) =0 inR%,

V- (4VD) +V-(aTg)=0 inRe,
V-(al)=0 inR?,

Uy =1- on{xq = 0},
oay oy (AyM)eq — (AeM_ +ar(0))eq on {z4 = 0}.
ovl|, v

where ey is the standard basis vector in R%.

Let L be the space of all piecewise linear solutions of the above equations. For any (1, q) € L, define

wa-(2),-(2).

Lemma 4. Let Ay, Ay be constant tensors and a be a constant matrix. Consider the following system:

V- (A1Vx) =0 in B(1)4,

V- (AVY) + V- (a'r)=0 in B(1)_,
V-(ax)=0 in B(1)_,

xl+ = xl- on B(1) N{zq = 0},
ox ox| B
$+—$_—90 on B(1) N {zq4 = 0}.

where B(1) = {z € R?: ||z|| <1}, B(1)+ = B(1)NR%, B(1)- = B(1)NR?, andRY = {z € R?:
+x4 > 0}.

Let x, r be weak solutions of the above system. Then for all k > 0 and « € [0, 1], we have

Z XNk By < C (IIxllz2 By + lg0l) » (54)
+
where C'is a constant independent of x, r, and B(1) = {z € R% : ||z < 3}.
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Lemma 5. Let Ay, As be constant tensors and a be a constant matrix. Consider the system:

V- (A41Vx)=0 in B(1)4,

V- (AVX)+V-(aTr)=0 in B(1)_,
V-(ax)=0 in B(1)_,

Xl = xI- on B(1) A {irg = 0},
9x x| _ _
$+*$_f90 on B(1) N {zq = 0}.

where x, r are weak solutions.

Define
W) = (VX)+(0)y 1y,20 + (VX)-(0) y 1y,<0 + x(0),  q(y) = r(0),
where 1. denotes the indicator function. By Lemma 2, we know x(0), (Vx(x))+(0) are well-defined.

(I —ea®ea)(Vx)+ = —ea®ea)(Vx)- onB(1)N{yq =0},

where eq is the standard basis vector in R® and I is the identity matrix. From Lemma 3, it follows that
(I,q) € L.

For some 3 € (0,1) and all y € B (3), we have:

Ix(y) = U(y)| = Ix(y 0) (0) yl

Xerss (1), >

x(0)
< Cly/Pt ( |><\2 + |90

< C\ylﬁ+1

Forally € B (%)7

lr—q| < C|y|6 Tlgo.s( (£)

G
oe(f )

Therefore, for some 8 € (0,1) and all y € B (%
IX(w) = 1) = [x(y) = x(0) = (Vx)=(0) y|

where f denotes the average integral.

Forally € B (%)7
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Lemma 6. Let A1, Ay be constant tensors and a be a constant matrix. Consider the system:

V- (A41Vx)=0 in B(1)4,

V- (AVX)+V-(a'r)=0 inB(1)_,

V-(ax) =0 in B(1)_,

Xls = xI- on B(1) 1 {4 = 0},
195% ox| B
54_7%__90 on B(1) N {z4 = 0}.

where x, r are weak solutions.

Moreover, for all p € (0,t), integrating the above inequalities yields:

: :
2 p ATt 2
=) +plgo—ca)l < |2 P | +tlaol | - (55)
B(p) B()

Thus, for all (I',q') € L, by the inequality above, we have:

1

inf %] + —C(l,
it (é(p)m |> plgo = ¢(1.0)

1 (56)
<ol f ot 4 tlgo— (L)
L in - — (1,
=Clgl a0 90 q
Further, for all (I',q') € L, it follows that:
2
inf —1? + —C(,q
it (fg e ) plon —(t.q)
) 57)

<ol ][ 1)+t )
= in — —((1,
-t (oL B(t) X 7 K

Lemma 7. Suppose ¢ : Ry — Ry is a non-decreasing non-negative function satisfying ¢(p) <
C(2)P¢(r) + Br®, where f > o> 0,C > 0. Y0 < p <r < R, 3C, s.t. ¢(p) < C1(2)*¢(r) + Bp®.

Theorem 2. Suppose Ay, As, a are C*-Holder continuous, and let S; = B(t) N {xq = 0} where
B(t) = {z € R : ||z|| < t}. Let x, v be weak solutions to the following system: ¥V € Hg(B(1);R%),

(VV : A1VX)B, +(VV : AVX)p_ + (r, V- (ax))p. =0
V-(ax)=0
where By = B(1)NR%, B_ = B(1)NR%, and R = {x € R? : +x4 > 0}.

Then we have:

Z HXHcl,u(B(%)i) < Clixllz2(By)s (58)
T

where C'is a constant independent of x, and C*(§2) denotes the Holder space of functions with «-Holder
continuous first derivatives.
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Equivalent Formulation: This estimate is equivalent to showing that ¥p € (0, %),

3
inf —112] < optte . ’
toee (769@) o ) < O 2 INlaas)

here L is the space of piecewise linear functions (1, q) as defined earlier, B(p) is a small ball with center
arbitrary on S 3 = B (%) N {zq = 0} and £ denotes the average integral over the domain.

Disturbance. Suppose wy, s; are solutions to the following equations, where A = A;(0), A = A5(0),
a® = a(0): VV € H}(B(t); R?),

(VV : AVwi)p, +(VV : ASVw)p_ + (50, V- (a°V)) =0,

V- (a®w) =0 inB_,
wy =X on dB(t),
sp =7 on dB(t)_.

where B, = B(t) NR%, B_ = B(t) NR?%, and B(t) = {x € R*: ||z < ¢}.
By the continuity result in Lemma 4, we have Vp € (0,1):

(][ |V’th|2> + (][ |St|2>

B(p) B(p)-

<c (7[ |th|2> +<][ |st|2> ,
B(t) B(t)_

where C'is a constant independent of £, p.

[SIE

Moreover, from the equations, we derive:
(Vo AV (wr = X)) ) = (V. (A= A)Vx) )
+ (r, V- (GOQZ)))B(t), — (s, V- (a0¢))3(t)7 )
where A° denotes the piecewise constant tensor A} on B, and AY on B_.

Let ¢ = w; — x. Substituting into the above equation, we obtain:

A]HthVM@as@»SiLNJAI@HVX|thVX
t

T'—St‘ao— 'l"a—(lo we —
+Lm< >(<vm+L®< )V (e — X)

(59)
< [ A=AV T - v+ [ sl v
B(t) B(t)_
[ il =¥l [V - 9,
B(t)-
where A > 0 is the ellipticity constant of A°.
By Young’s inequality, this implies:
/ |Vw; — Vx|? —|—/ lr— s> <C tzo‘/ IVx|? + tm/ |7"2] , (60)
B(t) B(t)— B(t) B(t)_
where C' depends on A, || A||¢e,||a]|ce, and « is the Holder exponent. O
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Morrey’s Estimate and Bootstrap Analysis. By the above analysis, we obtain the following result:

Loweef
B(p) B(p) -
sc(/ V- Vot [ ufe [ sk | w) (o)
B(p) B(p) B(p)- B(p) -
d
sc((’;) (/ v+ [ |r|2>+t2a</ v+ [ |r|2>>.
B(1) B(t)_ B(#) B(t)_

Define ¥(r) = fB(T) Vx| + fB(r), |7|2. Then we have:

U(p) < C ((p)dw) +t20‘\11(t)> Vo< p<t< %

U(p) < Cp** ¥ (;) Vpe (o, ;) . (62)
Thus, we derive:
U(p)<C ((’t))d\p(t) + t4°‘\Il(t)) : (63)

By bootstrap analysis, for all 7 < dand 0 < p < %, we have:
1
W(p) < Cpru <2) | (64)

The above estimate holds for any ball with center in B (%) and radius t.

Finally, we conclude that [Vx| € L*"(B (3)), which implies x is C”-Holder continuous for all 3 €
(0,1). 0
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CYContinuity. Combining Lemma 6 with the above inequality and using the Poincaré inequality, we

have:

inf x — 12+ pt21¢(1, ))?
(l’q)eﬁ{/w« P+ 20 )

<

< i / e — 12 + p™21C (1, ) +/ I = wil?
LOEL | JB(p) B(p)

2842+4d
o (?) inf / e — 12 + t92|C(L g2 b + o/ I — wi?
t (LOEL | JB(t) B(t)

P 26+24d ) / ) . )
<C(7 inf — 2 4 ¢? I,
(t) waet | s x =1l <L, 9)]
28+2+d
+C(§) / \X—wtl2+(1/ Iy — w,|?
} B(t) B(#)
2B+2+d . ‘
<<(?) e / X =117 + ¢ g +Ct2/ VX — Vg [?
t (l,g)eL B(t) .

2p+2+d . .
<c(?) inf / X — 12 + 421 (L, )2 § + e / VI +/ 2.
t (LOEL | JB(1) B(t) B(t)

Define

O(r) = inf
el
q%ﬁ

and

{/ |xz2+rd“<(z,q)|2},
B(r)

bt) = / VX[ + / .
B(t) B(t)_

b(t) < Ct™ T (;) _ ooy (;)

Then we have

where we setr = d — a.

Moreover, it follows that:

‘I)(p)SO(

For 8 € («, 1), by Lemma 7, we obtain:

p d+28+2
)

2

owsaes(o(2) oo (1)

This implies x € C2 (B(3)+;R?) forall Vp € (0, ). By Lemma 7, we further derive:

<o (a(2) o (1))

which implies x € C**(B(3)+;R?) forall p € (0, 3).
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(66)

(67)
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C.7 ESTIMATION

We define the cut-off function as follows: Let . € C§°(£2), which satisfies:

0<ne(x) <1, VaeQ,
[V (z)] < S, within the support of 7). (C is a constant independent of &),

ne(z) = 1, if dist(z, 092) > 4e,
n-(x) =0, if dist(x, 092) < 3e.

And we also set this convolution operator:

1
S.(f)(@) = pe * f(x / J(& — y)pe dy, here p € C5°(B(0, 2>>,pzo,and/dedx=1
. We let .
We = U — Uy — 6X(g)n55§(VUO)

. Welet B(y) = A+ AVx(y) + Vx(y)A + VYAV — A be the Flux Corrector.

Lemma 8. Suppose () is a bounded Lipschitz; domain in R, Q; = {x € Q : dist(xz,0Q) < t},t > 0,
Vi € HY(Q, RY), we have

|/ AVw, : Vi dz| < C|| Vx|l p2) {ellSe(VZuo) |l L2(0005.) + [[ Vo — Se(Vuo) || z2(0\000) }
Q

+COIVY | L2, [ VUoll L2 (0.

(72)

Proof
AVw, = AVu, — AVuy — AV (g) S2(Vug) — eAx(y)V (1-S%(Vuo))
= (AVu. — AVug) + [(A AV + ( A+ A+ vy ( ) A+ VXAVX) 182 (vuo)}
[A +AVy ( ) + vx ( ) A+ VYAV — A} 1-8%(Vug) — eAx (f) V (1:52(Vug))
= (AVu. — AVug) + (A — A) (Vuo — 1:5%(Vug) ) + VxANS2(Vug) + VXAV X152 (Vo)
.y (g) 1e8%(Vug) — eAx (g) V (1:S2(Vup)) .

T
9

Because of the variational form:

/ A (z) Vu. : Vi +/ p°-diveyy =0, Vi e C5O(R™)
Q € Q

)

we can get:
/QAVzugszz/QAVuE:Vl/)—/quosz—i—/ p° - dive
+ [ (A=) (Vuo = 182(Tua)) : V0
+ /Q [VxARS2(Vo) + VXAV x0-S2(Vo)] : Vo 73)
—/D »F - div 1/)_/37755 (Vo) : Vb

_ /Q&-AX (2) v (82 (Vo)) = Ve
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The first three terms equal zero, then we can see:

/(121 — A) (Vug — 1:52(Vug)) : Vi < C/ (1 —n)|Vuol| V)| dz
Q Q

+c/ 0. [Vo — S2(Vuo) ||V da
Q
< ClVuoll L2 IV L2 (0,0

+ C|Vug — S=(Vuo) || L2 (2\020) V| L2(02)-

This is because:

IVug — S2(Vuo)ll2@\s.) < [[Vuo — Se(Vuo) || L2000 )
+ ||SE(V'LL0) - S?(VUO)HLZ(Q\QSE)
S CHVUO - SE(VUO)HLQ(Q\QQS).

Moreover, by the regularity of Y € W1:°°, we have

/ [VxAnES (Vug) + VYAV 7. S? (Vuo)] Vi — p° - div ¢

D.

/Q [(VXA + VXAVY) (1:52(Vug) — Vug)] : Ve

(VxA+ VxAVY)Vug : Vip — / podiv ¥ + O(e)
Q w

+
= /Q (VXA + VXAVYX) (182 (Vo) — Vug)] = V)
+

/ 10 OUG OYP ou’ i ok
0jpT S
w 6502 8xj w 895] al‘k

+ O(e)

[(VXA + VXAVY) (1:52(Vuo) — Vug)] : Vi + O(e)

[Vug — Se(Vuo)ll L2\ 0.0 | V¥ 22(0) + [[Vuol .. [V L2(0,. + O(e).

And we also have
B «
2 ) o af % 2 % v,l/]
/QanSe(VUO) : V%b‘ = |/Qbij <€> Sz <8mj) ( ox; 'Ie
o o (Oug
/ (¢kz]) ( ) ox; (637; > e
< Ce [/ Ne
Q

+/Q|V775| ¢(:)]|w|;sg(wo)|d4

< C (el Vel 2@ 15 (Vo) | L2 (\020)
+IVYllL2 @iy I Vuoll L2 @s.)) -

5 (5)| 1901|929 2u0)|
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By the calculations above, we can finally get the following result

X
/QA (g) Ve : Vip < O Ve (e {&llS=(Vuo) | 2o

+Vuo = Se(Vuo) | L2\ 0.) }
+ Cl|Vwel| L2 (00 [ Vol L2 (0s.) -

Theorem 3. Let Q C R? be a bounded Lipschitz domain. Then for all 0 < ¢ < 1,

IVwe || L2y < C {ellVuollL2n0.) + IVuol 205 } -
Thus, )
wellz1 o) < Ce?|luol|r2(y).
where C'is a constant depending on . and ().
Proof. Letn. € C3°(Q) satisfy 0 < 7. < 1,7, =0in Q, 7. = 1in Q\ Qs , and Vi < g
We can obtain
Vug — Se(Vuo) |l 2(\000) < 111 (Vuo) — Se (7 Vuo) || 12 (re)
< Ce||V(7Vuo) L2 (ra)
< C{elV?uol 2 \q.) + I Vol L2(a }

By the inequality || f||z2(q,) < Ctz I.f Il 1 (c2)> we have

1
Vuol22(0s.) < Ce?l|uol| g2 ()

By Lemma 8, set 1/ = w. € H}(£;R?). Using the ellipticity of A, we get

IVwellzz@) < C{ellS=(V?uo)ll 2 (@\04.) + Va0 = Se(Vauo) [l 22 (000 }
+ C|[Vuol 2 (s.) < Ce? |lugll (o)

(78)

(79)

(80)

81)

(82)

(83)

O

Theorem 4. Let 2 C RY be a bounded Lipschitz domain. Then for all 0 < ¢ < 1, ifug € H?(;R9), we

have .
1
iz = o = x () Vuollan (@) < Cl1 Xl )e o lw2.ac0)-

Proof. The key step is to prove:
x T 1
Jx (2) vu0 = ex () nestvun|,, , < O luallirco
We can find that
x x 9
[ex (2) vo —ex (Z) mes <V’“0>HH1(Q

+C HVX (g) (Vug — 1755’82(Vu0)) HL2(Q) + Ce HX (g) V (Vuo — Uasg(VUQ))‘

< Ce Hv (VUO - nas’?(vuO)) ”L2(Q) + c HVUO - nasg(vuO)HLz(Q) .

: <Ce HX (g) (Vug — nsSsz(VUO))‘ o)

L2(Q)
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On the one hand, we have

e[|V (Vuo — 0-52(Vuo)) <e Hvzu()HLZm) +e ||V (n52(Vuo)) HLQ(Q)

< Cellugl|g2(a) + C'[[Vuoll p2(qs.)

20

1
< Cez H?LoHHQ(Q).

On the other hand,
||Vuo —1:S8%(Vug

) < ClIVuoll g2,y +C [Vuo — S2(Vug

)||L2(Q )HL2(Q\Q,15)

1
< Ce?||ugl| g2 (-

C.8 SUMMARY

These conclusions is consistent to the expected conclusion (Eq. 3), since we have:
x
lue — wim |l 51 (@) = lJue —uo —ex <g) Vol 10
x x
< Cllwe ey + Cllex (T) Vo = ex (T ) n-S2(Vuo) 111y
1
< Cez ||U0||H2(Q).
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